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Abstract

This article introduces the joint usage of Quantized State System (QSS) methods and classic numerical
integration algorithms in the simulation of continuous time systems described by systems of Ordinary Dif-
ferential Equations (ODEs). The proposed mixed—mode scheme consists of splitting an ODE, using QSS
algorithms where they perform better than classic algorithms (i.e., in presence of frequent discontinuities
or stiffness under certain particular sparse structures) and using classic algorithms where they are a better
choice.

Besides describing the methodology —where the key issue is the interface between both algorithms— the
article studies some properties of the resulting scheme including convergence and numerical stability.

In addition, the performance of the proposed mixed—mode algorithm is analyzed in the simulation of two
large systems with heterogeneous dynamics, showing an important reduction of the simulation times —more

than one order of magnitude— compared to the most efficient QSS and classic approaches.

1. Introduction

The presence of stiffness and discontinuities are two major issues in the numerical integration of ODEs. In
the first case, the simultaneous presence of slow and fast dynamics enforces the usage of implicit numerical
solvers as explicit algorithms become numerically unstable except for very small values of the step size
[1, 2]. Tmplicit numerical solvers implement iterative algorithms that can be computationally expensive, in
particular when systems are large. Regarding the second issue, the numerical approximations are not valid
in presence of discontinuities on the right hand side of an ODE, and, in consequence, the solvers must be
equipped with zero crossing detection and event handling routines that increase their computational costs
[2].

Motivated by these problems, a new family of numerical algorithms for ODEs was developed in recent

years. These algorithms, called Quantized State Systems (QSS) methods [3, 2], replace the time discretiza-
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tion of classic ODE solvers by the quantization of the state variables obtaining an asynchronous discrete
event approzimation that verifies strong stability and error bound properties. Due to its intrinsic discrete
event nature, QSS methods are very efficient in the presence of discontinuities [4] since their occurrence is
straightforwardly treated. In addition, there are backward QSS (BQSS) and linearly implicit QSS (LIQSS)
methods [5, 6] that can efficiently integrate some particular classes of stiff systems. A noticeably property
of these algorithms is that, in spite of their backward formulation, BQSS and LIQSS algorithms are explicit
in practice.

The condition for LIQSS algorithms to efficiently integrate a stiff system is that the stiffness is due to
the presence of large entries on at only one side of the main diagonal of the Jacobian matrix. Although this
restriction was recently relaxed [7] and there are several practical stiff problems in which LIQSS are efficient,
in most cases these algorithms are clearly outperformed by classic methods. One example of this occurs in
the simulation of parabolic equations (the heat equation, for instance) discretized with the Method of Lines
(MOL), where a stiff system of ODEs is obtained but there are no large entries in the Jacobian matrix.

In general, QSS algorithms are more efficient than classic methods in presence of frequent discontinuities
and in the simulation of large systems that exhibit inhomogeneous activity, i.e., when only few variables
have significant changes during a given interval of time. This is explained by the fact that QSS methods
only perform calculations in the state variables that experience significant changes. On the contrary, in
systems with homogeneous activity and without frequent discontinuities classic ODE solvers are usually
more efficient [8].

There are systems that combine subsystems where QSS algorithms perform better than classic ODE
solvers with other subsystems in which classic solvers are the best choice. Motivated by these cases, and
following the idea of multi-rate and mixed-mode or multi-method algorithms [9, 2, 10, 11, 12, 13], this work
proposes a novel and general approach to use QSS to integrate some subsystems and classic solvers for the
remaining subsystems.

Besides proposing a general methodology for combining QSS and classic solvers, this work also studies
the convergence and stability properties of the resulting approximation and describes a particular implemen-
tation that combines LIQSS2 with CVODE solver. In addition, two simulation examples are presented, the
first one corresponding to a model that represents the heating around a switching mode power electronic con-
verter and the second one corresponding to a one dimensional advection—diffusion—reaction problem where
the diffusion coefficient changes with the space.

The paper is organized as follows: Section 2 introduces the previous concepts and definitions used along
the rest of the work. Then, Section 3 describes the new algorithm, studies its convergence and stability, and
describes the implementation in a simulation tool. Finally, Section 4 presents the simulation results and

Section 5 concludes the article.



2. Background

This section provides an introduction to QSS algorithms and their implementation.

2.1. Quantized State System Methods

QSS methods replace the time discretization of classic numerical integration algorithms by the quanti-
zation of the state variables.

Given a time invariant ODE in its State Equation System (SES) representation:
x =1f(x(t),1) (1)

where x(t) € R™ is the state vector, the first order Quantized State System (QSS1) method [3] solves an

approximate ODE called Quantized State System:

x =f(q(t),t) (2)

Here, q(t) is the quantized state vector. Each component of the quantized state ¢;(t) follows a piecewise
constant trajectory that only changes when its difference with the corresponding state x;(t) reaches the
quantum AQ);. Denoting t1,ta,..., g, ... the times at which the piecewise constant trajectory ¢;(t) changes
, the quantized state trajectory is related to the corresponding state trajectory x;(t) as follows:

qi(tr) i [2i(t) — qi(te)] < AQ;
qi(t) =
x;(t)  otherwise
for tp, < t < tgy1, where tr11 is the first time after ¢, at which |z;(t) — ¢;(tx)| = AQ;. In addition, we
consider that initially q(tg) = x(to). This defines an hysteretic quantization function generating trajectories
like those depicted in Figure 1.

Since the quantized state trajectories g¢;(t) are piecewise constant, then, provided that the system is
autonomous (or that f(-,¢) is piecewise constant with t), the state derivatives 2;(t) also follow piecewise con-
stant trajectories and, consequently, the states z;(t) follow piecewise linear trajectories. In non autonomous

systems Eq.(2) can be rewritten as

for some input trajectories u(t) that are approximated by piecewise constant trajectories v(t) such that the
difference v;(t) — u;(t) remains bounded by certain quantity (given by the input quantization). That way,

the QSS1 approximation actually integrates the system

x(t) = f(a(t), v(t)



AQ;

zi(t) , ai(t)

Figure 1: QSS1 hysteretic quantization function.

Due to the particular form of the trajectories, the numerical solution of Eq. (2) is straightforward and
can be easily translated into a simple simulation algorithm, that for the case of autonomous system can be

described as follows!:

Algorithm 1: QSSI1.

1 //inputs: t; (initial time), tf (final time), Xp (initial state), AQ (quantum vector)

2 //algorithm variables:

3 //t is the current simulation time

4 //X is the continuous state vector computed by the algorithm (this is the approximate solution
and thus the output of the algorithm)

5 //q is the quantized state vector

6 //X is the state derivatives vector

7 //t;-] is the time of the next change of quantized state gj

8 //t(; is the time of the last change of quantized state gj

9 //tjl-‘ is the time of the last change of continuous state j

10 //Initialization

11 t =1%; //initial time ti

12 X = X9 //initial state

13 q = X //initial quantized state

14 for each j € [l,n]

15 abj = fj(q,t) // compute Jj-th initial state derivative

n presence of a piecewise constant input trajectories the algorithm first checks if the next change is due to a quantized
state or to an input change. In the second case, it proceeds like in line 29 of the algorithm but updating on the states depending

on that input.



16 t;-] =1 + AQj/|x'j| // compute the time of the next change in the Jj-th quantized state

17 t;-” =1 // time of the last change in the Jj-th continuous state

18 t? =1t // time of the last change in the j-th quantized state

19 end for

20 //simulation cycle

21 while(t<tf) // simulate until final time iy

22 t = min(t;?) // adavance simulation time.

23 i = argmin(t;]) // the i-th quantized state changes first

24 e = tftl“.c // elapsed time since last xi update. (t¥ is an array containing the last update
time of each state.)

25 r; = x;+x;-e // update i-th state value

26 gi = i // update i-th gquantized state

27 t;.l =1t // time of the last change in the i-th quantized state

28 t? =t + AQ;/|%i| // compute the time of then next change in the i-th quantized state

29 for each j € [1,n] such_that #; depends_on g¢;

30 e = tft;‘-c // elapsed time since last xj update

31 T = T +i‘j-6 // update j-th state value

32 if j#4 then t;c =1t // last xj update

33 ij = fj(q,t) // recompute j-th state derivative

J
j—th quantized state

35 end for
36 tf =t // last xi update

37 end while

t! = min(T >t) subject_to |q]'—a:j(7')|:AQj // recompute the time of the next change in the

The simulation algorithm works as follows. It looks which is the quantized state ¢; that changes first

and advances the simulation time until that event. Then, it advances the state value z; (using the fact that

Z; is constant in the period) and computes the new quantized state ¢; = x;. This new value for ¢; will

change some state derivatives &; = f;(q,t) provided that g; explicitly appears in the expression of f;. Then,

the algorithm recomputes the corresponding states x; and the next time of change for the corresponding

quantized states g;.

The time of the next change t? is computed as the first time after ¢ at which the difference between the

piecewise constant trajectory g;(t) and the piecewise linear trajectory x;(t) = x; + &; - (t —

equal to the quantum AQ);. This is,

|z + &5 - (8] — t7) — ¢j| = AQ;

t7) becomes



The solution to this is equation is given by

4 +AQ; —x;
4 it >0
Lj
T e ——— " ifd; <0
|5
00 otherwise

In order to illustrate better the algorithm, we consider the following second order system
T, =2—x
To =2 21— X2
and its QSS1 approximation
T =2-q
Ty =2-q1— ¢
with initial states x1(0) = 22(0) = 0 and quantum AQ; = AQ2 = 1. Then, the algorithm works as follows:

e At ¢t = 0 it computes the quantized states g1 = x1 = 0, g2 = z2 = 0, the state derivatives &1 = 2—¢q; =
2, &3 =2-q1 — q2 = 0, the time of the next changes t] = AQ1/|21] = 1/2, t5 = AQ2/|i2] = co. It

also sets the time of the last state updates t{ = ¢35 = 0.

e The next step is then performed in ¢ = ¢t] = 1/2, computing the states x; = 1, x5 = 0, the quantized
state g1 = 1, the state derivatives &1 =2 —q1 = 1, 9 = 2-q; — q2 = 2, the time of the next changes
tT =t+AQ1/|in| =t+1=3/2,td =t+1/]is| =t+1/2 = 1. Tt also sets the time of the last state
updates tf =t =t =1/2.

e The next step is then performed in ¢ = ¢t = 1, computing the state 2o = 1, the quantized state ¢go = 1,
the state derivative @5 = 2-q; —qo = 1, the time of the next change in g t5 = t+AQ2/|d2| = t+1 = 2.

It also sets the time of the last state update for x4 as t5 =¢ = 1.

Notice that this step does not involve calculations in the first state, as 1 does not depend on zs.

e The next step is then performed in ¢t = t] = 3/2, computing the states x1 = 2, zy = z9 +do - € =
1+ 1/2 = 3/2, the quantized state ¢; = 2, the state derivatives 1 =2 —q; =0, i3 =2 ¢ — q2 = 3,
the time of the next changes t] =t + AQ1/|%1| = oo, ta =t + (1/2)/|22] =t +1/6 = 5/3. Tt also sets
the time of the last state updates t{ =13 =t = 3/2.

e The next step is then performed in ¢ = 7 = 5/3, computing the state x5 = 2, the quantized state
g2 = 2, the state derivative &5 = 2-q; — g2 = 2, the time of the next change in qo, tq = t + AQ2/|i2] =
t+1/2=13/6. It also sets the time of the last state update for x4 as t§ =t =5/3.
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e The next step is then performed in ¢t = ¢ = 13/6, computing the state zo = 3, the quantized state
g2 = 3, the state derivative &5 = 2-q; — g2 = 1, the time of the next change in qo, t1 =t + AQs/|i2] =
t+1=19/6. It also sets the time of the last state update for x5 as t§ =t = 13/6.

o The last step is then performed in ¢ = ] = 19/6, computing the state zo = 4, the quantized state
q2 = 4, the state derivative #o = 2-q; —g2 = 0, the time of the next change in ¢o, t5 = t+AQ2/|i2| = oo,

and the simulation finishes as t] = t7 = oco.

This algorithm is clearly more involved than simple classic algorithms: it requires using more memory
to store the state and quantized state vectors, as well as the last and next time arrays, In addition, it
requires the knowledge of the system incidence matrix in order to determine which state derivative should
be computed after each quantized state changes.

However, these disadvantages are sometimes compensated by the fact that the algorithm only computes
when and where changes occur. In addition, it has important advantages in presence of discontinuities and
it performs an intrinsic control of the global error.

The fact that the difference between the states x; and the corresponding quantized states ¢; is bounded

by the quantum AQ); allows to rewrite Eq.(2) as
x = f(x(t) + Ax(t),?) (3)

where Ax(t) £ q(t) — x(t) is a perturbation term bounded by the quantum. In consequence, the use of
QSS1 is equivalent to the addition of a bounded perturbation to the original system and several properties
regarding convergence, stability, and global error bounds can be easily derived [3, 2] for linear and non-linear
systems. One of those properties establishes that the use of QSS in stable linear time invariant systems of

the form x(¢) = Ax(t) + Bu(t) produces a global error that can be bounded by the formula
[x(t) = xa(t)| < |V]- [Re{A} " -A[- V7] AQ

where x and x, are the QSS and the analytical solutions, and A = V~'AV is the Jordan decomposition of
matrix A. That way, there is a linear dependence between the quantum and the global error bound.

For these reasons, the quantum plays an equivalent role to that of the tolerance in variable step size
algorithms. Here, the step size is usually controlled in order to accomplish with a relative error tolerance
and this can be also achieved in QSS algorithm by using a quantum that changes with the signal amplitude:
AQ; = max(AQTex;|, AQ?*), such that AQ"® is the relative quantum (relative tolerance) and AQ%* is
the absolute quantum (absolute tolerance).

Regarding the occurrence of discontinuities, the fact that the quantized states follow piecewise constant

trajectories allows the straightforward detection of zero crossings?. Moreover, when a discontinuity occurs,

2In QSS simulation tools, discontinuities are detected using the quantized states g;. Alternatively, the states z; can be
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it will provoke the same effect than a change in a quantized state so the simulation does not need to be
restarted like in classic algorithms. In conclusion, the detection and handling of a discontinuity does not take
more computational effort than that of a single step. Thus, the QSS1 method is very efficient to simulate
discontinuous systems [4].

In spite of these advantages, QSS1 only performs a first order approximation. This is, the number of
steps performed is inversely proportional to the quantum which is proportional to the global error bound.
In consequence, the computational costs grow linearly with the required accuracy. This limitation was
improved with the definition of the second and third-order accurate QSS methods called QSS2 [14] and
QSS3 [15], respectively.

QSS2 and QSS3 have the same definition of QSS1 except that the components of q(t) are calculated
to follow piecewise linear and piecewise parabolic trajectories, respectively. In consequence, in QSS2 the
number of steps grows with the square root of the accuracy while in QSS3 it grows with the cubic root.

QSS2 and QSS3 share the same advantages and properties of QSS1, i.e., they satisfy stability and error
bound properties and they are very efficient to simulate discontinuous systems.

In spite of these advantages, QSS1, QSS2 and QSS3 methods are inefficient to simulate stiff systems. In
presence of simultaneous slow and fast dynamics, these methods introduce spurious high frequency oscilla-
tions that produce a large number of steps with their consequent computational cost [2]. To overcome this
problem, the family of QSS methods was extended with a set of algorithms called Backward QSS (BQSS)
[5] and Linearly Implicit QSS (LIQSS) [6, 7] that are appropriate to simulate some particular classes of stiff
systems. While BQSS algorithm is only first order accurate, there LIQSS methods of orders 1 to 3 (LIQSSI,
LIQSS2, and LIQSS3) combining the principles of QSS methods with those of classic linearly implicit solvers.

The main idea behind LIQSS methods is inspired by classic implicit methods that evaluate the state
derivatives at future instants of time. In classic methods, these evaluations require some type of iterations
in order to solve the resulting implicit equations. However, taking into account that QSS methods know the
future value of the quantized state (it is ¢;(¢) £ AQ;), the implementation of LIQSS algorithms is explicit
and does not require iterations.

LIQSS methods share with QSS methods the definition of Eq. (2), but the quantized states are computed
in a more involved way, taking into account the sign of the state derivatives. Besides allowing the efficient
integration of several classes of stiff systems, LIQSS methods share the main advantages of QSS1 regarding
discontinuity handling, stability and error bounds.

These advantages regarding efficient stiffness and discontinuity handling allow LIQSS methods to obtain

results around one order of magnitude faster than the best classic ODE solvers in some application domains,

used. In that case, the zero crossing detection could be more accurate but in presence of non-linear threshold conditions that

detection can be more involved.



including power electronics [16] and advection—reaction equations [17].

A limitation of LIQSS methods is that they compute the quantized states based on local calculations.
For this reason, they can only avoid the appearance of spurious oscillations in a state x;(t) if they are the
consequence of changes in its own quantized state g;(¢). Thus, LIQSS algorithms are only efficient when
the stiffness is due to the presence of large entries in the main diagonal of the Jacobian matrix (or at only
one side of it). Although this restriction was recently relaxed avoiding oscillations between pairs of states
[7], the solution is not general and some cases —like the MOL discretization of diffusion equations— are not
efficiently treated.

Taking also into account the presence of input signals in non-autonomous systems, the different QSS

algorithms can be simulated by the following generic algorithm:

Algorithm 2: (LI)QSS(N).

1 //inputs: t; (initial time), tf (final time), Xp (initial state), AQ (quantum vector), Vg (a
known succession of input polynomials that change at times twvg) .

2 //outputs: X,q (current vectors of polynomials representing continuous and quantized state
trajectories) .

3 //other variables: t (current simulation time), tn (time of the next quantized state change), 7

(next quantized state that changes), k (current input polynomial section).

5 t=1;
6 k=0
7 (X,q,tn,4)=0SS_init (Xo, Vg, t, AQ)

s while (¢ <tyf) //simulation cycle

9 t=min (¢, tvg)
10 if t, <tvp then //quantized state change
11 (X, 9, tn, 1)=0SS_step(x,q,Vg,t, AQ,1)

12 else //input change

13 k=k+1
14 (x, q, tn, 1)=0QSS_input (X,q,Vg,t, AQ)
15 end if

16 end while

18 //functions used

19 QSS_init (xg,Vv,t, AQ)

20 q = constpoly(xg,t) //initial quantized state polynomial (constant)

21 for each j € [1,n]

22 x; = Statepoly (xo,j, fj,q,V,t) //initial polynomial of order N for the j-th state

23 t;.] = nTime(xj,qj,AQj) //compute time of next change in ¢; according to the Q0SS method used
24 end for

25 tn = min(t;.’)

26 i = argmin(t;?)



27 return x, q, tp, 1©

20 QSS_step (X,q,V,t, AQ,1)
30 x; = advpoly(xz;,t) //advance state polynomial to current time
31 q; = Quantized (x;, AQ;,t) // compute new quantized state polynomial according to the QSS

method used

32 t? = nTime (x;,q;, AQ;) //time of next change in ¢;

33 for each j € [1,n] such that #; depends_on g¢;

34 Tlaur = polyval(:rj,t) //evaluate state polynomial at current time

35 x; = Statepoly (Tjauz, fj,q,V,t) //compute new state polynomial for the j-th state
36 t;f = nTime(:L'j,qJ',AQj) //recompute time of next change in ¢j

37 end for

38 tn = min (t])

39 i = argmin(t;?)

40 return x, q, tn, ¢

142 QSS_input (x,q,Vv,t, AQ)

43 for each j € [1,n] such that &; depends_on v

44 Tjour = polyval(x;,t) //evaluate state polynomial at current time

45 x; = Statepoly (Tjauz,fj,q,V,t) //compute new state polynomial for the j-th state
46 t;] = nTime(xj,qj,AQj) //recompute time of next change in gj

a7 end for

48 tn = min(t])

49 i = argmin(t?)

50 return x, q, tpn, ©

In Algorithm 2, function Statepoly calculates a polynomial for the state x;(¢) using its current value and
its time derivatives (computed from function f; an their time derivatives). Similarly, function Quantized
computes the quantized state polynomial according to the QSS method used while function nTime calculates
the time for the next change in a quantized state. The way of computing these functions for the different

methods can be easily deduced from the definition of the different QSS algorithms [7].

2.2. Stand-Alone QSS Solver

While several Discrete Event System Specification (DEVS) simulation tools have implementations of
different QSS algorithms [18, 19, 8], the most efficient and complete QSS tool is the Stand—Alone QSS solver
[20].

The models in this solver are described in a sub-set of the Modelica language [21], and the tool automat-
ically translates it into a C language piece of code containing the set of ODEs with the corresponding zero
crossing functions and event handlers for discontinuous cases. The tool also extracts structure information

(incidence matrices) and produces the code for the symbolic evaluation of the Jacobian matrix. The C code
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produced is then linked to the different QSS algorithms (QSS and LIQSS of order one to three) or to classic
ODE solvers like DOPRI, DASSL, CVODE and IDA.

The fact that it provides all the structure information and the symbolic evaluation of the Jacobian
matrices implies that the results obtained by this tool using classic ODE solvers are noticeably faster than
the results obtained by other interfaces. In addition, the fact that it uses the same piece of code for the
ODEs in the different algorithms (QSS and classic ODE integrators) allows fair performance comparisons

among them.

3. Quantization-based mixed—mode integration

This section introduces the proposed methodology, studies its main properties and describes a particular

implementation in the Stand—Alone QSS solver.

3.1. Proposed scheme

Given the ODE of Eq.(1), and following the idea of multi-rate and mixed-mode schemes, we first split

it as the the coupling of two subsystems,

%1(t) = f1(x1(t),x2(1), 1) (4a)

a(t) = 2 (xa (1), X2 (), 1) (4D)

such that x(t) = [x1(t),x2(¢)]7, and £(-) = [f1(-), f2(-)]%"
Then, we propose to integrate x1 (t) using a QSS method and x2(t) using some classic algorithm (same

order of the QSS method) with variable step size hy = tx11 — tx, that is,

%1(t) = fi(qu(t), X2(?), 1) (5a)

x2(te+1) = Fa(au(te), r(te), - - x2(tr), th, o) (5b)

where Eq. (5b) represents the case of a single-step explicit method. In a more general case, xa(tg+1) could

be the result of

Fa(an(te), da(th), - qa(trsn)s @a(thgr), - X2 (ber1), X2 (tr), X2 (tk-1), -, th, hg) = 0 (6)
which can also represent a multi-step implicit method.

The interface between both algorithms is performed by sampling the quantized states q1(t) and its
derivatives (up to the order of the quantized state) at the time steps t; of the classic algorithm and by
the construction of a polynomial (of the order of the quantized state) providing values for xa(t) between
successive steps, i.e., for t <t < tpy1:

11



Ro(t) = x2(t) + f2(qr (tr), X2 (tr), t) - (t — tg) + Xa(ts) - @;%)2 TR (7)

for t € [tg,tk+1). This polynomial has the same order than the quantized state of the corresponding QSS
algorithm (i.e., 0 for QSS1 and LIQSS1, 1 for QSS2 and LIQSS2, etc.).

In Bq.(7) X2(t) represents a coefficient conveniently defined for obtaining a third order scheme. The
remaining terms of the polynomial (expressed by ...) are for higher order schemes, which cannot be cur-
rently implemented in practice since QSS algorithms of order higher than 3 were never used (in fact, most
applications where QSS methods are useful, as those with frequent discontinuities, do not require the use of
higher order algorithms as the step size will be limited by the time between events).

Although we are not limiting the definition of the scheme, we leave open the problem of the construction
of the polynomial of Eq.(7) for any order greater or equal than 3. In any case, we shall prove later that the

scheme converges irrespective of the way this polynomial is constructed.

3.2. Step size control at the classic solver side

The basic idea of the mixed—mode approach is very simple. In addition, any QSS algorithm can integrate
the system of Eq.(5a) taking into account the changes in Xa(¢) at times ¢; (these changes are regarded as
discontinuities that are straightforwardly treated by QSS). However, the formulation does not take into ac-
count, so far, the effect of the asynchronous changes in the quantized variables q (¢) during the computation
of xa(tg+1) by the classic solver. In order to solve this problem, we propose to modify the usual step—size
control strategy.

A standard step—size control algorithm would experience the following situation. Suppose a given variable
g; computed using the QSS method explicitly appears on the right side of Eq. (5b). Then, a change in g;
produces a change in the states derivatives computed using the classic method. If those changes of ¢; do not
take place on the instants that correspond to those established by the step size control, they will produce
an additional integration error.

A simple solution to this issue would be to perform a step using the classic method whenever a change
in ¢; takes place (similarly to discontinuity detection). However, this solution would be very inefficient as it
might enforce the classic method to perform a large number of unnecessary steps.

A far more efficient alternative, that we propose next, consists on estimating the additional error that
the changes on ¢; introduce to the numerical integration of Xa(¢). Then, we use this error estimation in

order establish an additional limit to the step—size in order to accomplish the error tolerance.

3.2.1. Additional numerical error in the classic method
We deduce next a simple formula for estimating the additional numerical error provoked by ignoring

changes in a quantized state g;(t) between the steps performed by the classic solver. In order to simplify
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the analysis, we consider a linear approximation to Eq.(4b) given by:
)-(2 (t) = A22 - Xo (t) + Azi s (t) + ug (t) (8)

where z;(t) is some component of x1 () and uz(¢) is the remaining term of the linearization. We also consider

the following two approximations of Eq.(8):

)'(2 (t) = A22 * Xo (t) + Agi *q; (t) + up (t) (9&)

)’:(2 (t) = Ayy - X (t) + AQi - q; (t) + uq (t) (9b)

where g;(t) is the quantized state trajectory computed by the QSS method (corresponding to the state x;(t))
while ¢;(t) is the quantized state trajectory observed by the classic algorithm (taking into account that it
only receives the sampled values at times ty).

The difference between ¢(t) and ¢;(t) can be observed in Figure 2. The goal of the following analysis
is then to find a maximum value for the step size h that guarantees that the difference between g;(t) and
Gi(t) is such that the difference between x2(t) and X2(t) —the solutions of Egs.(9)— does not exceed the error

tolerance.

— a(t) |} : 5

— () |t :

qi(tj1) 1 ;

Gi(tri1)

ai(tj) ' : |

ai(tk) | i i
Yt 17} i1 (78]

time [sec]

Figure 2: Computed and observed quantized state trajectory.

Defining then the error e(t) = X2(t) — X2(t) and subtracting Eq.(9a) from (9b), we obtain

é(t) = Agz - e(t) + Az, - (Gi(t) — qi(t))

13



This expression can be analytically solved, obtaining

t
e(t) = e (1) - e(ty,) +/ AT Mg (@) — )

ty

We shall suppose too that, after a change in ¢;(¢), the step size h of the classic solver is limited by some
constant hmax such that there are no significant variations of the solution between successive integration
steps. This is equivalent to consider Ags - (£ — tx) to be small, which implies that eA22(t=tr) ig close to the
identity matrix. In addition, as we are computing the error introduced during a step, we consider that it is
initially zero, i.e., e(tx) = 0.

Then, the expression for the error can be approximated as

o)~ [ Aa,- (@)~ )i = 4s,- (/ e [ wlrir (10)

tr tr tr

That way, the error introduced by ignoring the changes in ¢(t) between successive steps of the classic
method is proportional to the difference between the integrals of ¢;(¢) and §;(¢). This information can be

easily used to limit the step size such that e(t) lies within the prescribed tolerance.

3.2.2. Step size control in second order accurate algorithms

If we counsider, in particular, that both ¢;(¢) and ¢;(¢) follow piecewise linear trajectories (i.e., both
algorithms are second order accurate schemes) as in Fig.2, then the previous analysis can be used to obtain
an explicit formula for the maximum step size.

Let t; € (tg,tk+1) be an instant of change in ¢; and consider a time ¢ with ¢, < ¢; < ¢ < tg4+1. Then,

t t t t—t;)?
[ atir= [ @i+ [ atmir =) va) @ vaey
where Q;(t;) £ fti] q;(T)dr. Also,
/tt s W t—t) = ai(te) + ai(t;) ‘;(ji(tj) (t=ty) (- 1) 12)
Then replacing (11) and (12) in (10), we obtain:
i(tk) +qi(ty) +di(ty) - (t—t; t—t;)?
oft) = Ay, - | LT MV ERBIEZL) ) i) — e - (- 1) — il
oy . [0 Bll) 2%(”) U=t t) + alte) + ailts) ; ally). (t; — te) — Qi(t))
~ Az, [Ar(ty te) - (E—t5) + Doty te)] (13)
where
Arty, 1) 2 qi(tr) — aqi(ty) +di(ty) - (t; — tk), oty 1) & M (b — ta) — Qu(t,)

2 2
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Then, the error at the end of the step ty11 =ty + hx can be computed as

e(thr1) = Az, [A1(ty, ty) - (hi + i — 1) + Da(ty, )] (14)
whose [-th component can be computed as

eitir) = Az, [Ar(t), te) - (b + te — ) + Ao(t;, ti)]

This value must be bounded, according to the tolerance settings, by certain quantity, i.e. |e;(tx+1)] < €max.is

from which we obtain
ler(tran)| ~ | Az, [Aa(ty te) - (i + te = £5) + Dot tr)] | < emax
that must be accomplished for all /. This condition can be rewritten as
|A1(t),tk) - (hie +ti — t5) + Doty te)| <7

where

A . €max,l
r; = min

l |A2l,i|

and finally, the step size hj can be bounded as hy < min(hmax, Amax) where

TﬁAQ(tj’tk)th t if A >0

—_—— -ty A >

2§ 10 (15)
—r; — Ag(tj, tg)

Aq(ty,tr)

and Apax is @ parameter that ensures that e22” is close to the identity matrix so that Eq.(10) holds.

+1t; —tr otherwise

While this analysis was performed for second order accurate schemes, it can be easily extended to other

orders.

3.8. Implementation of Mized—Mode Algorithms

The implementation of the proposed mixed—mode scheme only requires to coordinate a QSS and a
classic solver, communicating between them the interface states (i.e., the components of x1 (¢) that are used
to compute X2(t) and the components of x2(t) that are used to compute x1(¢t) in Egs.(4a)—(4b)). The
interface states must be also extrapolated to the current step times of both solvers.

The algorithm implementing the interface between both solvers is summarized below:

Algorithm 3: Mixed—Mode

1 //inputs: t; (initial time), tf (final time), [X109, X20] (partitioned initial state vector),
AQ (quantum vector), f_lmax (maximum step size), h; (initial step size).

2 //variables:
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//X1 1s the vector of polynomials of continuous states computed by the QSS algorithm
//q1 is the vector of polynomials of quantized states computed by the 0SS algorithm

//X2 1s the vector of states computed by the CLASSIC method

//X2 is the vector of polynomials of interface states computed by the CLASSIC method defined
by Eq.(7)
//tkg: is the classic method last step time
//Q1 is a copy of the interface quantized state polynomials at time tg
//CLASSIC.tpn is the classic method next step time
//QSS.tp, is the QSS next step time.
t = t; //initial simulation time
X2 = X209 //initial values for CLASSIC states
X2 = constpoly(interface(xz2g)) //initial polynomials for interface CLASSIC states
(x1,91,0SS.tn,1) = QOSS_init (x19,X2,t,AQ) //initialize QSS algorithm
Q1 = interface(qi) //initial polynomial for interface QSS states
h = h; //initial classic step size
CLASSIC.tp = t; // the first step at the classic solver is at t=1t;
tr = t;
while (¢t <1y) // simulate until final time tf
t = min (QSS.ty,CLASSIC.t,) //advance simulation time
if (0SS.ty, < CLASSIC.tn) //QSS step
Xo = advpoly(X2,t) //advance state polynomials to current time
m = 1 //the step is in the m--th state
(X1,91,0SS.tn,1) = QSS_step(x1,q1,X2,t,AQ,m) //QSS step
if m-th state is_in_interface //the state that changed is in the interface
hmax = compute_max_step_size(qi,q1) //according to Eq.(l5)
if (h > min(Amax, Pmax))
h = min(hmax, hmax)
CLASSIC.typ = tp + h
end if
end if
else //CLASSIC step
q1 = advpoly (interface(qi),t) //advance interface quantized state polynomials to current
time
(x2,h) = CLASSIC_step(§1,%2,t,h, hmax)
CLASSIC.tn=t+h
X2 = genpoly(interface (x2),t) //build interface state polynomials according to Eq.(7)
(x1,08S.tn,4) = QSS_input (X1,q1,X2,t, AQ) //input change in 0SS
tr, =t
end if

end while

Algorithm 3, besides the functions from the generic QSS procedure (Algorithm 2), uses the following
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functions:

e CLASSIC_step: It implements Eqs.(5b) or (6) (according to the classic method used). For that goal,
it considers the presence of the input polynomial §; in the right hand side function. In addition,
this function recomputes the next step size h (which can be then changed during QSS steps using the

additional step size control).

e interface(x): It returns the subset of states that belongs to the interface. This is an optimization
that avoids interpolating state variables that are computed by one method and are not used by the

other algorithm.

A version of this algorithm was implemented in the Stand—Alone QSS Solver, combining LIQSS2 with
the classic CVODE solver [22].

For that goal, the Stand—Alone QSS Solver was extended so that it produces a partitioned code for the
given model containing the ODEs, zero crossing functions and event handlers that are used by each solver.
In addition, the tool automatically computes the structure information regarding the interface between both
solvers, so that the mixed—mode algorithm is able to know which states computed at one side are used to
compute state derivatives (or zero crossing functions) at the other side.

From a user perspective, the implementation offers two choices for partitioning the model. The first
option is the manual selection of the set of state variables that are computed by the CVODE solver. The
second choice is an automatic partitioning method that uses LIQSS2 for all the state variables that are part
of a zero crossing function and those that are affected by an event handler (i.e., the variables that are part
of the discontinuous behavior) while it uses CVODE for the remaining variables. We say that a variable x;
is affected by an event handler when the occurrence of the event can change the value of the L** derivative
of x; where L is a user defined parameter of the automatic partitioning algorithm.

More precisely, the Stand—Alone QSS Solver integrates systems of the form

where d(t) is a vector of discrete variables that only change under the occurrence of certain events triggered
by some zero crossing functions of the form ZC;(x(t),d(t),t) = 0. The changes of d(¢) are dictated by the
corresponding event handlers d(¢+) = H;(x(t),d(t),t) where d(¢") expresses the value after the event.

Then, a state x; is affected by a discontinuity provided that some component of d explicitly appears in
the expression of f;(x(¢),d(t),t).

The solver also has tools that automatically compute the incidence matrices from states to derivatives,
from states to zero crossing functions, from event handlers to state derivatives and from event handlers to
zero crossing functions. Making use of these incidence matrices, it is straightforward to find the sets of states
affected by discontinuities. Then, looking to the variables that are affected by already affected variables,
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the set of variables affected in their second derivatives can be also obtained (and recursively for higher order
derivatives)

In practice, the parameter L should be chosen greater or equal than the order of the classic method
in use. Otherwise, the discontinuities, correctly treated at the QSS side, may produce sudden derivative

changes in the classic method which will reduce the step size affecting the performance of the overall scheme.

3.4. Convergence of the mized—mode scheme

The following theorem establishes sufficient conditions for the convergence of the solutions of the mixed—
mode scheme to the analytical solution when the quantum of the QSS algorithm and the step size of the

classic algorithm go simultaneously to zero.

Theorem 1 (Convergence of the Mixed-Mode Scheme). Consider the system of Eq.(4) where f(x,t) =
[f1(-), f2(:)]T is locally Lipschitz in x on a compact set D C R"™. Let xa(t) be a solution of Eq.(1) from an
initial condition xa(to) such that xa(t) remains in the strict interior of D during the interval [to,ts].

Let x(t) = [x1(t), x2(t)]T be the solution of the mized mode scheme of Eqs.(5)—(7) from the same initial
condition x(ty) = xa(to), where the QSS algorithm uses quanta AQ; < AQmax and the classic algorithm is

at least first order accurate and uses a bounded step size 0 < hy, < hunasz, and where

X2 (thy1) — x2(tk)
Iy

Xa(t) £ Xa(ty) + (t—tr) tp <t <tpp (16)

Assume also that the coefficients of the extrapolation polynomial of Eq.(7) are bounded in D X [to,t/].
Then,

AQmaEﬁaxao x(t) = xa(t) (17)

for all t € [to,ty].

The proof of this theorem can be found in Appendix A.

3.5. Stability of coupling QSS and classic methods

We analyze next the stability of the mixed—mode scheme for a linear time invariant system of the form
x(t) = A-x(t)+ B-u(t)

Given that the presence of the input term B-u(t) will not affect the stability conditions, we remove that

term and split the system as before
X]_(t) A11 A12 X1 (t)
).Cg(t) Agl A22 Xz(t)
We shall consider that a QSS method is used to compute x; and that Backward Euler’s algorithm is

used to calculate x3. The analysis can be then easily extended to consider other classic algorithms.
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The use of a QSS algorithm in x; implies that it is computed as the solution of
X1(t) = A1p - qu(t) + Arz - Xa(te) = Arr - X1 (t) + Arg - xa(tk) + A1 - Axq (1)

for t € [ty,tr11), where Axq(t) = q1(t) — x1(¢).

The solution of the QSS approximation can be then computed for ¢ = ¢34 as

trh+1 te41
xa(tey1) = e xq (1) + / M) Ay (b)) d + / AT AL Ay (8)dr
tr 123
Altr) (18)
= 6A11'h . Xl(tk) + A;ll . €A11'h . A12 . Xz(tk) + A(tk)
Then, the usage of Backward Euler’s on the second subsystem yields
X2(try1) = Xa(tr) + h - Aoy - x1(tg) +h - Az - Xa(tes1)
that can be written as
Xz(tk+1) = (I —h- AQQ)_l -h- A21 . Xl(tk) + ([ —h- A22)_1 . Xz(tk) (19)
Then, placing together Egs. (18) and (19), we finally obtain
X(tgi1) = F-x(t) + G- A(ty,) (20)
where
eAnh A7l eAnh. g 1
Fa H 2 G = (21)
(I—h‘Agg)il ~h- Ao (I—h'A22)71 0

Notice that ||Axy]| is bounded by the maximum quantum used AQmuax. Then, the term A(t) defined
in Eq.(18) is also bounded by a quantity that is independent on the state x. That way, provided that all
the eigenvalues of matrix F' in Eq.(21) lie inside the unit circle, the numerical approximation has ultimately
bounded solutions (i.e., it is practically stable) for any value of h and AQax.

Since matrix F only depends on &, the stability of the resulting scheme may depend on the step size used

by the classic method, but it is independent on the maximum quantum AQ,.x used by the QSS algorithm.

4. Examples and Results

This section introduces two examples in which the proposed mixed—mode scheme shows noticeable ad-
vantages over classic and quantized state solvers. In both examples the reported results were obtained using
the different algorithms (LIQSS, DASSL, CVODE, and the mixed—mode LIQSS2_CVODE) implemented in

the Stand—Alone QSS Solver 3. The different experiments were run on the same computer (an Intel Core i7

3The Stand-Alone QSS Solver is an open source project, available at https://github.com/CIFASIS/gss-solver. The models

used in this article are part of the distribution and the results shown we obtained using git commit [9937e35].
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CPU running a Linux Ubuntu 16.04 OS) and all the algorithms were used with the same error tolerances
(tolye; = 1-1073 and tolyps = 1- 1075 for classic solvers, and AQ, e = 1-1073 and AQups = 11076 for
QSS based solvers).

4.1. DC-DC converter with heat sink

The first example consists in a model of a buck converter (a widely used switched mode power electronic
device) that takes into account both, the switched circuit and the thermal dynamics at the aluminum heat
sink. The circuit is depicted in Fig.3, and it works alternating the switch position between on and off states

at high frequency.

Figure 3: Buck DC-DC converter circuit.

The heat sink, in turn, is described by a heat equation

ou 0%u
E_Uﬁ ,xE[O,Z],tE[0,00)

where [ = 25mm is the heat sink length and o is the diffusion coefficient given by

A
o=—
prc

where A\ = 209.3 Jm~! sec™! K~! is the aluminum thermal conductivity, p = 2698.4 kgm =2 its density and
¢ =900.0 J kg—' K~ its specific heat capacity.

The model considers the power losses during each change in the switch position, represented by power
pulses as shown in Figure 4, that are transferred to the heat sink.

After discretizing the heat equation using the Methods of Lines with IV sections, the set of equations
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Figure 4: Power pulses in the switch.

describing the full model is the following one:

. i, Ry —U
"= TR.¥ Ry
. —iD'Rd—uC
e
UC_T
» Psw ift € [T -5 —togs, Ts - j + ton] where j = 0,1,... (22)
0 otherwise
N2
UlZU(PRt_2U1+U2)ZT
2
iy =0 (298 =2 uy +un1) o5
2
ui:U-(ui,1—2~ui+ui+1)~l—2 fori=2,N—1

The circuit was modeled using the following set of parameters: U = 24V (input voltage), C' = 10mF
(capacitor), L = 10mH (inductor), R = 108 (load resistance), f = 10 kHz (switching frequency), DC =
0.35 (duty cycle, i.e., the fraction of time that the switch is in on state), Rog = 10° Q (off-state resistance),
Ron = 107°Q (on-state resistance), R; = 7.5K W~1 (heat sink thermal resistance), t,, = 1.2usec and
torr = 9.5usec.

In order to analyze the performance of the proposed mixed—mode algorithm, we simulated this system
using two different classic solvers (DASSL and CVODE), a QSS method (LIQSS2) and the mixed—mode
LIQSS2_CVODE algorithm. This novel algorithm was used exploiting the automatic partitioning strategy
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with the L parameter set to 7, that uses LIQSS2 for the circuit and the first 7 thermal stages, and CVODE
for the remaining of the system. In all cases we considered initial conditions iy, (t = 0) = 0, uc(t =0) =0
and u;(t = 0) = 298.

We first considered a MOL discretization of the heat equation using 100 sections and simulated until a

final time ¢; = 60 obtaining the results reported in Table 1.

Integration CPU Error
Method [msec]
DASSL 3.51-10% | 5.24-107*
CVODE 1.70-107 | 4.48 1073
LIQSS?2 11131 | 6.82-107*
LIQSS2.CVODE | 10966 | 2.04-107*

Table 1: Solver performance comparison for the buck DC-DC converter with heat sink.

The errors reported are the mean of the errors in all state variables. In each state variable the error was

computed as:

5000 9
k=1 (yactk - yrefk)
€y = 5000 o
k=1 yrefk

on 5000 sample points where the reference trajectory was obtained using LIQSS2 with tolerance settings of
AQre; = 1077 and AQups = 107°.

The results, showing a clear advantage of LIQSS2 and LIQSS2_CVODE over classic solvers, can be easily
explained. The presence of frequent discontinuities in the power electronic converter enforces the classic
solvers to perform very small steps on the whole system while LIQSS2 and LIQSS2_CVODE only perform
those smalls steps in the variables involving discontinuities (i.e., those of the power electronic converter). In
consequence, LIQSS2 and LIQSS2_CVODE are several orders of magnitude faster.

It is worth mentioning that most LIQSS2 simulation steps are performed at the power electronic converter
variables, while the integration of the 100 variables representing the MOL discretization requires very few
steps using either LIQSS2 or CVODE. Since LIQSS2 and LIQSS_CVODE use the same algorithm for the
discontinuous parts (LIQSS2), the total computational cost is very similar and the fact that CVODE is
faster than LIQSS2 in the remaining of the system does not change much the overall result.

We then compared both LIQSS2 and LIQSS2_CVODE algorithms as the number of sections IV increases.
The results are depicted in Figure 5.

This time, as the number of sections N grows, the mixed mode solver outperforms the pure LIQSS2
algorithm, and, for N = 1000, it is about 18 times faster. This can be explained by the fact that, as
N increases, the MOL discretization becomes more stiff [2], with a type of stiffness that LIQSS2 cannot
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Figure 5: Comparison LIQSS2 vs LIQSS_CVODE as system size grows.

efficiently integrate and its performance is impoverished with the appearance of spurious oscillations. The
mixed—mode LIQSS2_CVODE algorithm, however, uses CVODE to integrate the MOL approximation and
this algorithm can efficiently integrate this part of the system.

Finally, Table 2 shows the number of individual state changes performed by the mixed—mode algorithm
for different values of the error tolerance. As it can be seen, these experimental results verify that the order
of convergence is, as expected, close to 2 (except for the lower accuracy settings, where the step size is more
frequently limited by the occurrence of discontinuities than by the error tolerance). The order of convergence

is computed as:
log(tols /toly)

o= log(stepsy /stepss)

between successive experiments.

4.2. 1D Advection-Diffusion-Reaction (ADR) problem
The following set of ODEs corresponds to the spatial discretization of a 1D ADR problem:

du; Ui — Ui—1
dt — Ax +di

Uit — 2 Up + Ui
Ax?

e ()

fori=1,...,N —1 and

duy UN — UN—1

2'UN,1—2~’LLN
- = _—q .
dt Ax

Az?

+dy +r (Ui — udy)
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Relative Absolute | Simulation | Simulation | Convergence

Tolerance | Tolerance steps Error Order
1-1072 1-107° 23 627 256 3.90 - 1073 -
1-1073 1-107° 39903 067 2.04-107* 4.36
1-1074 1-1077 109535734 | 4.45-107° 2.30
1-107° 1-1078 324167990 1.43-107° 2.11
1-107° 1-107° 998532903 | 7.22-1077 2.05

Table 2: Simulation results using LIQSS2_CVODE with different error tolerances.

where N is the number of grid points, Az = %, and we consider parameters a = 1, r = 1000, and

1-107% ifie[1,N/2—1]
d; =
10 otherwise
We also consider initial conditions u;(0) =0 for ¢ = 1,..., N and a boundary condition ug(t) = 1.

(23)

MOL discretizations of ADR equations can be efficiently integrated by LIQSS methods provided that the

diffusion coefficient d; is small compared to the advection coefficient a [17]. Otherwise, BDF approximations

like CVODE offer better results. In this case, the diffusion coefficient changes with the space in Eq.(23), so

that we can expect that LIQSS2 is better at the first stages and CVODE is better in the last stages, and

the mixed—mode algorithm can offer the best alternative.

In order to corroborate this, the system was first simulated for NV = 1000 until a final time ¢; = 10 using
classic methods, as well as LIQSS2 and LIQSS2_CVODE. For the Mixed-Mode algorithm we used LIQSS2
in the first N/2 state variables (those with low diffusion coefficient) and CVODE in the remaining states.

We measured the errors using the same strategy as in the previous example but computing this time the

reference values with DASSL and tolerances tol,; = 1-1077 and tolgs = 1-1070. The performance of the

different algorithms is reported in Table 3.

Integration Time Error
Method [msec]
DASSL 3143 | 1.44-1073
CVODE 220 2.86-107*
LIQSS2 2023 | 833.107*
LIQSS2_.CVODE 40 5.76 - 107*

Table 3: Comparison of simulation results for the ADR system with N = 1000
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As expected, the mixed—mode algorithm provides the best results. This time LIQSS2_CVODE is more
that 5 times faster than CVODE | more than 50 times faster than LIQSS2 and more than 75 times faster
than DASSL. The poor performance of LIQSS2 alone is due to the same reason of the previous example
(the appearance of spurious oscillations in the diffusion—dominated equation). In addition, the noticeable
advantages of CVODE against DASSL can be explained by the fact that the former uses a sparse Jacobian
and the system is large.

We also compared the performance of the different algorithms as the size of the problem () increases,

reporting the results in Fig.6.

— LIQSS2

le64|- — - - CVODE
— — LIQSS2_CVODE
- = = DASSL -

le54

led—

cpu [msec]

le3

le2+

T T T T T T T T T T T 1
1000 2500 5000 10000

number of sections

Figure 6: Simulation results of the ADR system varying parameter N.

The figure shows that the mixed—mode algorithm is the best choice for all values of N. As N increases the

advantage of LIQSS2_CVODE also increases and it becomes 11 times faster than CVODE for N = 10000.

5. Conclusions

This article introduced mixed—mode numerical integration algorithms that combine classic ODE inte-
gration methods with QSS methods and studied their convergence and numerical stability properties. The
implementation of one algorithm of this type that combines LIQSS2 with CVODE was also described. Simu-
lation results comparing the performance of this implementation with that of different ODE solvers exhibited
noticeable advantages of the proposed mixed—mode scheme, reducing the CPU times in more than one order

of magnitude.
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The examples analyzed demonstrated that the novel approach is useful in presence of systems with
heterogeneous dynamics, in which some subsystems are better suited for QSS methods while the remaining
subsystems can be more efficiently integrated by classic ODE solvers.

Regarding future work, there is so far only one mixed—mode algorithm implementation (LIQSS2_.CVODE).
Combinations of different QSS algorithms with different classic solvers may lead to more efficient results
in some problems. It is also important to study the use of these algorithms in different multi-domain
applications where heterogeneous dynamics are usually encountered.

Another important improvement would be a relaxation in the assumption made on Section 3.2 about the
parameter hp.x that limits the step size of the classic algorithm. That parameter was necessary to ensure
the validity of Eq.(10) which allowed to establish a simple expression for the additional numerical error. A

possible way to overcome this limitation would be to use an expression that approximates the exponential

Ag ot

matrix e instead of approximating it by the identity matrix under the assumption that ¢ is small.
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Appendix A. Proof of Theorem 1
Proof. Since f is locally Lipschitz in D, there exists a constant L > 0 such that

[ £(xc,t) = £(xb, ) [|< L || %e = xb || (A1)

for all xc,xp € D and for all t € [tg,ts]. Here, the symbol ||x|| denotes the infinite norm of vector x.

The condition of Eq.(A.1) implies that there exists a constant Fiax > 0 such that
| £(x,t) [|< Finax (A.2)

for ¢t € [to,ty] and x € D.

Then, taking into account that the classic method is at least first order accurate, we can write:
h2
X2 (tkt1) = X2(tr) + hi - f2(qn(te), x2(tk), t) + 7’“ “rh(ty) (A.3)

where
| ta(tk) < Tmax  Vix € [to, tf] (A.4)
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and where 7y i a constant that bounds the remainder term ry,(¢;) for any step size hy < hmax, and for
any [qi(tx), x2(tx)]T € D. Notice that 7., may depend on the numerical method used, the expression of
fa, and the maximum step—size bound A ax.

Replacing the term xa(t511) — x2(tx) in Eq.(16) with Eq.(A.3), we obtain
x2(t) = x2(tr) + [f2(qu (tr), x2(tk), tr) + i - Th(te)](t — tr),
an expression that can be also obtained after integrating both sides of the ODE
X2(t) = f2(qu(tr), x2(tr), tk) + hi - Ta(tr) (A.5)

in the interval [tg,t] with tx <t < ¢511. That way, x2(t) defined in Eq.(16) is the solution of the ODE of
Eq.(A.5) from the initial condition x2(tg).

In consequence, the system given by Eq. (5) has identical solution to the one given by
*1(t) = fi(aqi(t), X2(t), 1) (A.6a)
*2(t) = fa(an(tr), x2(tx), tr) + hi - rn(ty) (A.6b)

at discrete times t;. Using this fact, we shall prove that x(t) = [x1(t), x2(t)]T — xa(?).
Defining

Aqa(t) 2 qu(t) —x1(t), Axa2(t) = Xa(t) — x2(t)
Asq(t) £ aqu(ty) —x1(t), Aza(t) = xa(ty) — x2(t)

we rewrite Eq.(A.6) as follows

)'(1 (t) = fl (Xl (t) + A171(t), X2(t) + A172(t), t) (A7a)

)'(2 (t) = f2(X1 (t) + A2,1(t)7 Xg(t) + Az,g(t), tk) + hk . rh(tk) (A?b)
The perturbation term Ay 1(t) = q1(t) — x1(¢) can be bounded as

||A1’1(t)|| < AC)matx = CI,IAQmax (AS)

since QSS methods always ensure that the difference between the continuous and the quantized states they
compute are bounded by the quantum (recall that they perform a step whenever the difference reaches the
quantum size).

From Eqs.(7) and (16), we obtain

X2 (tet1) — X2(tr)
hy

Aq2(t) = [f2(qu(th), x2(tr), t) —

+ Xa(ty) - (t _2:5’“)2

|- (t—tr)+
+...
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Then, using Eq.(A.3), it results

Aq2(t) = [f2(q1(te), x2(tk), tr) — f2(d1 (tk), x2(tk), tr) — i cra(te)] - (t—te)+

2
(t —t1)?
o
(t—t3) hu,

91 +"'*?'I‘h(tk)]~(t7tk)

+ Xa(tr) -

= [Xa(tr) -

Then, since the extrapolation polynomial coefficients are bounded in D, and recalling Eq.(A.4) and the fact

that t — t < hmax < hmax, it results that

[A12(B)]] < 1,2 Fmax (A.9)
where ¢; 5 is an upper bound for ||Xz(tz) - (75—27‘%) + o+ — 2 py(#)]. Notice that this bound is valid under

the assumption that f; and fy in Eq.(A.7) are evaluated inside D.
Regarding the bound for Az 1(¢), we know that there exists t* € [ty, t] such that, according to the mean

value inequality, it results that
[[x1(t) = xa(tic)[| < %2 (E)} - (€ = tr) < Finax - o
and then, recalling that Az 1(t) = q1(tx) — x1(t) = q1(tx) — x1(tx) + x1(tx) — x1(¢), we obtain

||A2,1(t)|| S AC)ma»x + Fmax : hmax < C2.1 maX(AQmaxy hmax) (AlO)

a bound that is also valid under the assumption that f; and f2 in Eq.(A.7) are evaluated inside D.

The last perturbation term, A 2(¢), can be computed from Egs.(A.3) and (16) as

Xa(try1) — Xa(t)
hi

A2)2(t> = Xz(t) — Xz(tk) = (t — tk,) =

= [fa(aaa (). %a(ts), t) + o e8] (¢~ )

and then,
||A2,2(t)H S (Fmax + hmax : Tmax) : hmax =C22" hmax (All)

This inequality also assumes that f; and fz in Eq.(A.7) are evaluated inside D.
The fact that the analytical solution xa(t) is in the strict interior of D for ¢ € [to, t;] implies that there

exists a constant d > 0 such that
dist(xa(t),0D) > d Vit € [to, tf] (A.12)

Take T € (0,ty — to] so that

d
T Al
< 4- (Fmax + hmax - Tmax) ( 3)
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and let AQmax and hmax be small enough such that the right hand side of Eqs.(A.8),(A.9),(A.10), and
(A.11) are all less than d/4.

Let t, be some instant of time at which dist(x(t,), 0D) > d/2, and let t. € (tq,tq, +T) be the first instant
of time at which dist(x(t.), 0D) < d/4. Thus, f; and f3 are both computed inside D in Eq.(A.7) during the
interval [t,,t.) and the bounds given for ||A;;(¢)|| by Eqgs.(A.8),(A.9),(A.10), and (A.11) are valid in that
interval.

Then, according to the mean value inequality, there exists t* € [t,,t.] such that

d

HX(te) - X(ta)” < ”).C(t*)H ’ (te - ta) < (Frnax + B : Tmax) T < Z

Since dist(x(tq),0D) > d/2, the last inequality implies that dist(x(¢.),0D) > d/4 contradicting the def-
inition of ¢, and showing that the distance from the state x(t) to the boundary of D is at least d/4 in
[ta, ta + T).

Let € > 0 and consider some § > 0 small enough such that AQumax < § and hpax < 6 imply that the
right hand side of the inequalities (A.8),(A.9),(A.10), and (A.11) are all less than d/4.

Assume now that there is some time t;, > to, with ¢, <ty — T, such that
Ix(t) — xa(t)|| < min(e,d/4) (A.14)

for all t € [tg,tp]. We shall prove next that we can find § > 0 such that the conditions AQmax < § and
hmax < 0 imply that |x(t) — xa(t)|| < € for all ¢ € [to, tp + T.

Notice that ||x(tp) — Xa(ts)|| < d/4 implies that dist(x(tp),0D) > d/2, which in turn implies that
dist(x(t),0D) > d/4 for all t € [tg,t, +T]. Then, recalling that § is small enough such that | A;;(t)]| < d/4,
it results that functions f; and f3 in Eq.(A.7) are both computed inside D, which in turn implies the validity
of Eqgs.(A.8),(A.9),(A.10), and (A.11).

Recalling that X, (t) = [Xa,1(t), Xa,2(t)]” is the solution of Eq.(4), and subtracting Eq.(4a) from Eq.(A.7a),
we obtain

)'(l(t) — )'(371(75) = fl(Xl(t) + Alyl(t),X2(t) =+ A172(t), t) — fl(Xa,l(t),Xag(t),t)

or, equivalently,

x1(t) —Xa,1(t) = / [f1(x1(7) + A11(7),x2(7) + A1 2(7),7) — f1(Xa,1(7), Xa,2(7), 7)]dT

to

and, using the Lipschitz condition on D,

[x1(t) = %a1 ()] < / L flxa(7) + A11(7) = Xaa (1) + [[x2(7) + A1.2(7) = Xa2(7)[[]d7

to

t
g/ DL - [|x() = Xa(7)[d7 + L{cr 1 AQumax + c1.2hmas] - (£ — to)

to

< / 9L - ||x(7) — Xa(T)||dT + Llcr1 + c1a] - 6 - (t — to) (A.15)

to
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for all t € [to, ty + 1.
Proceeding in a similar way and subtracting now Eq.(4b) from Eq.(A.7b), we obtain

Xz(t) — )'(a’z(t) :f2(X1(t) + A2’1(t), X2 (t) + A272(t), t) + hk . I'h(tk)

- f2 (Xa,l (t)v Xa,2 (t)v t)

and,

l[x2(t) = Xa2(t)]| < / L-[lxa(7) + A1 (7) = Xa 1 (7)[| + [[x2(7) + Az2(7) = Xa 2(7)[[JdT+

to

+ Pmax - Tmax(t — to)

< /tt 2L - |x(7) — Xa(7)||dT + L{c2,1 max(AQmax; Amax) + €2 2 max] - (t — to)
0

+ Amax * Tmax * (t — to)

< /tt 2L - ||x(7) — Xa(T)||dT + [c2,1 + €2,2 + Tmax] - (t — to) (A.16)
0

Then, from Eqs.(A.15) and (A.16), we obtain
t
Ix(t) = xa(t)]] < / AL - [|%(7) = Xa(T)[|dT + Llery + c12 + €21 + 2,2 + Tmax] - 0(F — to)
to
Applying Grénwall-Bellman’s inequality on the last expression, we obtain
Ix(t) — xa(t)]| < Llci,1 + c1,2 4+ c21 + €22 + Tmax] - 0(t — to) - eth(i=to)
That way, taking

min(e, d/4)
Licig+c12+c21+c22 4 max] - (tf —to) - etL(ts—to)

0 <

it results that
Ix(t) — xa(t)|| < min(e,d/4) <e (A.17)

for all ¢ € [to,tp + T

Since the condition of Eq.(A.14) is verified with ¢, = t(, and taking into account that it implies Eq.(A.17),
this reasoning can be recursively applied with ¢, =to + T, t, = tg + 27T, etc.. Whento+m-T >ty —T we
can take t;, =ty — T and apply for the last time the procedure concluding that Eq.(A.17) is verified for all
t € [to, tf].

That way, given € > 0 we can find § > 0 such that AQuax < 0 and hyax < 0 imply that Eq.(A.17) is

verified. This implies (17) concluding the proof. O
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