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Abstract

This work proposes an approach to replace the use of a robust control invariant set by a pair of simpler sets that provide an
inner and an outer approximation of the former. In the proposed approach, the outer set plays the role of the target region
and the inner set is such that the trajectories that start inside it can be kept inside the outer set and be driven back to the
inner set within a finite-time horizon. We show that the existence of these two sets implies the existence of a robust control
invariant set between both regions. We also provide results that allow finding an inner set from a given target outer set and
we show a way of using both sets in Model Predictive Control schemes such that the target region is never abandoned in spite
of the fact that nor that region neither the inner set are invariant. We also illustrate the ideas with an example in which the
inner and outer sets are very simple notwithstanding that any robust invariant set is not convex.
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1 Introduction

In presence of disturbances and different types of non
ideal assumptions, control systems are not able to drive
the system state to a desired equilibrium point. In those
cases, the best that can be achieved is to steer the state to
some region where control goals are satisfied and to keep
the trajectories bounded to it. The achievable properties
are generally known under the generic term of practical
stability [20].

A region that has the property that the state can remain
in through the use of appropriate control actions defines
a positive control invariant set (PCIS), that in presence
of unknown disturbances are generally referred to as ro-
bust positive control invariant sets (RPCIS). In the con-
text of this work, we shall refer to these sets simply as
control invariant sets (CIS) or robust CIS (RCIS).

Set invariance plays a fundamental role in control theory
[6] and there are several control design approaches that
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use CIS or RCIS in order to guarantee that the state
remains bounded according to the control goals [4,27].
For instance, these sets are used typically as a terminal
restriction in Model Predictive Control (MPC) schemes
as a way of ensuring convergence to certain target region
[28,1,17]. In fact, the non existence of a (R)CIS inside
a target region for a control system implies that it is
impossible to ensure that the state remains forever inside
that region.

There are several procedures that allow computing CIS
and RCIS [31,26,10,9,23] under different assumptions.
However, in most situations, the characterization of
these sets is not simple. In nonlinear or switched sys-
tems, or under the presence of finite input sets, their
computation is not only complicated, but it also leads
to very complex sets [30]. These sets may have hundreds
of faces, they may be not even convex, and, in conse-
quence, their usage in real control problems can become
impractical or even impossible. Alternatives have been
investigated in terms of sequences of sets with periodic,
cyclic or relaxed invariance properties [24,22,27,2,21].

In this work, we propose a way of avoiding the use of
control invariant sets by using two simpler sets, an outer
set consisting of the target region and an inner set from
which an input sequence exists such that the state does
not leave the outer set and eventually (within a finite
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horizon of time) the state trajectory passes back by that
inner set.

We shall show that these conditions on the inner and
the outer set imply the existence of a RCIS between
both sets, but it is not necessary to compute it. The
sole knowledge of the outer set (that we assume that is
given, as it would play the role of the target region) and
the computation of a simple inner set allow designing
controllers that, under certain restrictions on the initial
state, ensure that the outer set is never abandoned in
spite of the fact that nor the outer set, neither the inner
set need to be positive control invariant.

Notation

The following notation will be used along this work. An
interval of the integer numbers [E, F| C Z is denoted as
Zg.r. The expression s(k + i|k) denotes the value of a
signal s at time k + ¢ computed at time k.

Unless otherwise stated, we shall refer indistinctly to the
input as u(k) or u(z(k)) to emphasize its dependence on
the state.

2 Background

This section introduces some previous definitions that
are then used to present the main results of the work.

2.1 Control Invariant Sets

Consider a discrete-time perturbed system described by
the following nonlinear time-invariant model:

a(k+1) = f(z(k), u(k), w(k)) (1)

with z(k) € X C R", u(k) € U C R™ and w(k) €
W C RP being the state, control input and disturbance
at time k, respectively. We shall assume along this work
that W is bounded thus fitting in the persistent bounded
disturbances framework.

Definition 1 (Robust Positive Control Invariant Set
[12]). Given the system of Eq. (1) with the correspond-
ing sets X, U and W, aset {2 C X is robust positive con-
trol invariant provided that for any state x € €2, a con-
trol input u(z) € U exists such that f(x,u(z),w) € Q
for all w € W.

A way of verifying that a set 2 is a RCIS is by checking
that it lies inside its robust one-step set C;(£2) defined
as follows:

Definition 2 (Robust One-step Set [16]). Given the sys-
tem of Eq. (1) with the corresponding sets X, U and W,

and a set 2 C X, the robust one-step set to € is defined
as

Ci(Q) 2 {reX:Tu@) cU| flz,u,w) e,
Ywe W} (2)

Notice that € is a RCIS if and only if Q C C1(£2) [16].
2.2 Computation of Control Invariant Sets

While control invariant sets can take arbitrary shapes,
most works in the literature are devoted to character-
ize ellipsoidal and polyhedral sets [8]. Ellipsoidal sets
are usually obtained with procedures based on Lya-
punov functions or linear matrix inequalities [19]. Poly-
hedral sets, in turn, are generally computed using itera-
tive methods [14,33]. There are also constructions based
on the approximations within the class of semi-algebraic
sets that resort to lift and project approaches in order
to benefit from the convex optimization tools [18] but
remain difficult to integrate in MPC-like routines.

Among the different approaches, and closely related to
the present work, there is a classic iterative procedure to
obtain the maximal RCIS contained in certain set R C X
first presented in [3] and then summarized in [6,8]. This
procedure starts by selecting Ry = R and then iterates
to compute the sequence

Rii1 2 Ci(Ry)NR. (3)

The sets Ry are nested, since Ry4+1 C Ry, and the maxi-
mal RCIS contained in R is shown to be Roo = (e Ri-

The reason why this procedure is associated to polyhe-
dral invariant sets is that, although it can be formulated
for general systems, its use is mainly restricted to linear
systems, and when R, U and W are polyhedral, the same
occurs with Ry (but not necessarily with Rs). Some
works with remarkable results for linear, polytopic and
piece-wise affine systems are respectively [13,5,16].

One of the problems with more general setups is that of
calculating the robust one-step set. For nonlinear sys-
tems with constraints, computing this in a useful manner
that allows the implementation of the aforementioned
iterative procedure is not simple. Examples of publica-
tions that address the construction of invariant sets for
the nonlinear case are [9,12,10]. Furthermore, even when
computing the robust one-step set may be achievable,
the invariant sets obtained could be complex to such an
extent that their usage in real control problems may not
be feasible.

Given the complications that arise in the computation
of invariant sets, it has been studied how to obtain in-
ner and /or outer approximations to them with different



properties and under various assumptions [32,10,29,25].
In this work, even though we consider inner and outer
sets that could be close to some invariant, our goal is not
to approximate the invariant set but to give conditions
under which this set can be replaced by a pair of inner
and outer sets in order to guarantee practical stability.

2.3 Related Work

As it was mentioned in the introduction, this work pro-
poses replacing a possibly complex RCIS by two simpler
sets that provide an inner and an outer approximation
of the former but do not need to be control invariant
(they only need to satisfy a return condition to the inner
set). While to the best of our knowledge the idea is new,
some related concepts have been previously developed.

Pairs of sets related to invariance properties have been
used (see for instance [7,16]), but not as simpler approx-
imations of an invariant set.

The return condition relaxing the invariance constraint
on the inner set is similar to the cyclic or periodic in-
variance concepts [27,35] and other related ideas such
as (k, \)-contractive sets [2,21] and dwell time invariant
sets for switching systems [11]. However, on all these
works, when the state abandons the target set, it is only
restricted to remain on the feasible region. In our work,
however, the state is constrained to remain in the outer
set (which plays the role of the target region).

3 Main Results

This section presents the main results of the work, in-
troducing first the notion of N-step Control Inner Sets
and then studying their properties, providing some tools
for its computation and usage in the context of control
design.

3.1 N-step Control Inner Sets

The following definition provides the notion of N-step
control inner set.

Definition 3 (N-step Control Inner Set). Given the
system of Eq. (1) and an outer set Qo C X, we say that
a set 7 C Qo is a N-step control inner set of Q¢ if for
any z(0) € Qr, an input sequence u(xz(0)),...,u(z(N —
1)) € U exists such that z(k) € Qo Vk € Z;.n and
z(j) € Qp for some j € Z;.n for any disturbance se-
quence w(0),...,w(N —1) € W.

Figure 1 shows an outer set {2, a N-step control inner
set Qr, a RCIS Q, and a trajectory starting from z(0)
that suggest that NV > 5.

Fig. 1. A non convex RCIS Q with a pair of simpler outer
and inner sets (Qo and Q).

We shall assume that the outer set ¢ is given and it will
play the role of a target set to which the state trajectories
must converge and remain. While this target set does
not need to be control invariant, we shall assume that it
contains a RCIS since otherwise it will not be possible
to ensure that the trajectories can be kept inside Qo.
However, instead of computing a RCIS, the goal is to
find a simpler N-step Control Inner Set €1y verifying
Definition 1 since the trajectories that pass through it
can be also kept bounded to Qp.

The inner set 2; is always associated to an outer set Q¢.
Anyway, for reasons of space and readability, and taking
into account that the outer set will be always Qp, we
shall not always explicitly mention Q¢ .

Before providing a way to characterize {27, we shall first
analyze the existence of a maximal N-step Control Inner
Set inside Qo and relate that with the classic concepts
of RCIS.

3.2  Mazimal N-step Control Inner Set

We shall show that given an outer set, a maximal N-
step control inner set exists, and, in case it is not empty,
this maximal N-step control inner set turns out to be
a RCIS. Moreover, we shall show that this set can be
characterized as the fixed point of a simple set-iteration
process.

For arriving to those results, we first provide some aux-
iliary propositions, lemmas and corollaries.

Proposition 4. Given the system of Eq. (1) and the
outer set Qo C X, a mazximal N-step control inner set
Qe (that could be the empty set) exists.



Proof. Given two N-step control inner sets, Q}, Q% it
can be straightforwardly seen that their union Q} U7 is
also a N-step control inner set. Thus, a maximal N-step
control inner set exists and it consists of the union of all
possible N-step control inner sets. If there is no N-step
control inner sets, then Q@ = (). O

Lemma 5. Let Q; be a N-step control inner set of Qo.
Then, the set QU (C1(21)NQo) is also a N-step control
inner set of Qo.

Proof. Let 2(0) € C1(Qr) NQo, then an input u(x(0)) €
U exists such that z(1) = f(x(0),u(x(0)),w(0)) € Q
for any disturbance w(0) € W. Then, from Definition 3,
a sequence of inputs u(z(1)),...,u(z(N)) € U exists
such that z(k) € Qo Vk = Zany1 and x(j) € Qr
for some j € Zo.n41 for any disturbance sequence.
Thus, z(0) € C1(Qr) N Qo implies that an input se-
quence u(z(0)),...,u(z(N — 1)) € U exists such that
z(k) € Qo Vk = Zi.n. Moreover, this and the fact
that x(j) € Q; means that z(j1) € C1(Qr) N Qo for
j1 =j—1 € Zy.N for any disturbance sequence. Then,
it results that C1(Q7) N Qo is a N-step control inner set
so it follows that Q; U (C1(27) N Qp) is also a N-step
control inner set. O

Lemma 5 establishes that given a N-step control inner
set Qr, a larger (or equal) N-step control inner set can
be constructed by adding to it the set C1 (£27) NQ2o. Since
the maximum N-step control inner set 7*** cannot be
enlarged, then the following corollary can be stated:

Corollary 6. The set QP verifies C1(QP**) N Qo C
Qpax,

Lemma 7. If the set Q7'** is not empty, then it is a

RCIS.

Proof. Given any x(0) € Q7**, an input sequence exists
such that z(k) remains in Qo and passes inside QP** at
some time j € Zi.n for any disturbance sequence. Then,
z(j —1) € Qo and z(j — 1) € C(QP**). Thus, from
Corollary 6, z(j — 1) € Q**. Repeating this argument,
it results that z(j — i) € QP** Vi € Zy.j_1, and finally
z(1) € QP** proving that Q7** is a RCIS. O

Lemma 8. For all N € N, the mazimal N-step control
inner set Q7 is the mazimal RCIS contained in Qo.

Proof. Let Q2™®* be the maximal RCIS contained in 2.
From Definitions 1 and 3, it can be easily seen that Q™
is a N-step control inner set for all N € N. Thus, for any
N €N, it results that Q™% C QPax,

According to Lemma 7, given N € N and the outer set
Q0, the maximal N-step inner set Q7'** is a RCIS and
then Qa* C Qmax,

Then, considering that Q™#* C QF** and Qp** C Qmax
it results that QF'®* = Qmax, O

This last result tells that the maximal control inner set
does not depend on N and that it coincides with the
maximal RCIS contained in Q. A direct consequence
of this result is that a trajectory that starts in any N-
step control inner set can be held forever inside ¢, as
expressed in the following corollary.

Corollary 9. If Q; is a N-step control inner set, then
given any M > 0, the condition x(0) € Qp implies that
there exists an input sequence u(x(0)), ..., u(x(M—-1)) €
U such that (k) € Qo Vk € Zy.p for any disturbance
sequence.

Once the structural properties of the maximal N-step
control set are brought into light in Lemma 8 we can
make a link with the classical control invariant construc-
tions. The following result states that the maximal N-
step control inner set can be seen as a limit set of a set-
iterations of the standard procedure of Eq. (3) initialized
in Qo.

Theorem 10. Consider the following succession of sets:
Qo =Qo, Qt1=C1(2) NQ0o. (4)

Then, Q7P = limg_, o0 Q.

Proof. Notice first that since Qo = Qpo, then Q; =
C1(20) N Qo C Q. In order to use induction, suppose
that for some &, Q C Qp_1. Hence, C1(Q) C C1(Qg—1)-
Then, Qk+1 =C (Qk)ﬂQO C Q= Cl(Qkfl)on. This
proves that for any M > 0, Qp € Qpro1... € Oy C Qp.
This implies that the sequence €2; converges to some set
Qoo 2 limy_s00 Qi (which could be the empty set).

Notice also that Qp** C Qg implies that Qp** =
CL(QP*™) N Qo C C1(20) N Qo = O and then QP>* C
Q. Applying this recursively, we arrive to Qp** C Qy
for all £ and then Q7** C ., On the other hand, the
fact that Qo = C1(Qs) NQo implies that O, is a RCIS
contained in Q. Thus, it is also contained in Q** that,
according to Lemma 8 is the maximal RCIS contained
in Qo. Hence, 2o, C Q7.

The facts that Q7 C Q and Q. C Q7** mean that
Qpa* = Q, completing the proof. O

An alternative proof for Theorem 10 can be obtained
using the fact that Q7'** is the maximal RCIS inside Qo
and that this set can be obtained using the procedure of

Eq. (3).



Corollary 11. Given an outer set o, any N > 0, and
the succession of Eq. (4), a non empty N-step control
inner set exists if and only if limy_, o Qi # 0.

Another version of this corollary is

Corollary 12. Given an outer set Qo, for any N > 0,
a non empty N -step control inner set exists if and only
if Qo contains a RCIS in its interior.

3.8 N-step Control Inner Set Characterization

The existence of the maximal N-step control inner set
and its characterization as the result of an infinite it-
eration is of theoretical value. However, in practice, we
are interested in characterizing simpler inner sets, a goal
that can be achieved with the help of the following the-
orern.

Theorem 13. Let Sy C Qo be a non-empty set and
consider the succession of sets

Sr+1 = C1(Sk) N Qo (5)
and the set Ty £ Uivzl Sy. Then,

(1) Sy is a N-step control inner set if and only if Sq C
Tn.

(2) Any set Q such that Sy C Q C Ty is a N-step
control inner set.

Proof. 1. =) Being 2(0) € Qo, the condition z(0) ¢

Ty implies that «(0) ¢ U, S; = U, C1(Sj-1) N Qo.

Then, an input u(0) € U cannot be found such that
x(1) € UJ o S for all possible disturbances w(0) € W.

Thus, selecting any input u(0) € U, a disturbance

w(0) = w(z(0),u(0)) € W exists such that z(1) ¢
N=1

In order to proceed by induction, assuming that z(k) €
Qo, the condition x(k) ¢ U}, ’“5 =U i8N
Qo implies that selecting any input u(k) € U, a dis-
turbance w(k) = w(m(k:),u(k:)) € W exists such that

a(k+1) ¢ U5 'S

Then, for any input sequence u(0),...,u(N —1) € U,
a disturbance sequence w(0),...,w(N — 1) € W exists
such that z(k) ¢ Sy C UN k- 1Sj for all k € Zi.n
assuming that z(k) € Qo. Th1s implies that when we can
chose z(0) such that z(0) € So C Qo and z(0) ¢ T,
then Sy is not a N-step control inner set either because
x(k) ¢ Sy for any k € Zy.n or because z(k) ¢ Qo for
some k € Z1.nN.

Thus, Sy C T is a necessary condition for Sy to be a
N-step control inner set.

<= ) The condition Sy C Ty implies that given any
x(O) S So,.r(O) S Sj = Cl(Sj_l)ﬁQO for some j € Z1.N-
Thus, an input «(0) € U exists such that z(1) € S;_; for
any disturbance w(0) € W. Then, by induction an input
sequence u(0),...,u(j — 1) € U exists such that z(1) €
Si—1,...,x(j) € Sy for any disturbance sequence. This
implies that Sy is a N-step control inner set.

2. Take Ry =  and consider the succession Ry11 =
Cq (Rk)ﬂQO for k € Z1.n_1. Notice that Sy C Ry implies
that Sy, C Ry, for all k € Zy.y and then Ty C i, Ry.
Thus, the condition 2 = Ry C Tn implies that Ry C
Ui, Ry and according to the first part of this Theorem,
this means that ) = Ry is a N-step inner set. O

This last result allows computing simple inner sets, by
starting with some candidate inner set and iterating until
it is covered by their successive controllable sets. If after
N iterations the candidate set is not covered by T, then
the chosen set was not a IN-step control inner set. In that
case, a possible workaround is to keep iterating until .S
is covered, or until Ty converges without covering Sy so
we can ensure that Sy is not a N-step control inner set
for any N > 0.

If we find that Sy is a N-step control inner set but N
is too large, then the following result can be used for
finding an inner set with less steps.

Theorem 14. Let Sy be a N -step control inner set. Then
the set Vi = U]ICVIZO Sy for M € Zg.n_1 with Sy, defined
in Eq. (5) is a (N — M)-step control inner set.

Proof. Let Zy = V) and consider the succession Zj41 =
C1(Zx) N Q. We shall prove first that

M+k

Zi = U
j=k

S;, Vk € Zo.N—n1- (6)

Notice that Zy = Vi = Ujlvio S;. Then, in order to
proceed by induction, assuming that Zj = UJM:tk S; for
some k € Zg.N_nr, it Tesults

M+k
Zk+1 = Cl(Zk) NQo = Cl( U S]) NQo
=k
Mk M+k M+k+1
UC1 ﬂQo—USgﬂ— U Sj,
j=k+1



showing that Eq. (6) holds. Then, it results

. AN—MZ_N B
N-M = U k_USj_TN-
k=1

j=1

Since Sy is a N-step control inner set, according to The-
orem 13, it results that So C Tn. Then,

A N N N—-M
TN,M:TN:USJ':US]':UZJ'
Jj=1 Jj=0 j=0

meaning that Z, C TN_M. This, according to Theo-
rem 13, implies that Zy = Vi is a (N — M)-step control
inner set completing the proof. O

While the results of Theorems 13-14 are useful for check-
ing that a candidate set Sy is a N-step control inner set
and for finding a set with a smaller value of N, they do
not tell how to choose the candidate set Sp.

We shall not provide a general answer to this problem
since the solution may depend on the different assump-
tions made: the system may be linear or nonlinear, it can
include one or multiple equilibria or limit sets and these
can be open loop stable or unstable, the input set may
be convex or finite, etc. Anyway, there are some general
considerations that can be taken into account which are
valid for all cases:

e Since every inner set verifies {2; C Q'®, then the can-
didate set Sy must be inside any set {2 in the succes-
sion of Eq. (4). Thus, a possible procedure may consist
in performing some iterations of that succession and
then taking a simple set contained in €, as candidate.

e If the procedure fails and Sy is not covered by Ty =
UkN:1 S) the iterations can be continued for larger val-
ues of N until some set Sy is covered by Ty. If that
occurs, we can then adopt €2y = Si. In case Sy has a
complex shape, we can also exploit the second part of
Theorem 13 and take €2; such that S, C Q; C Tly.

e In several occasions, choosing a small candidate set
So works. However, as we shall see in Section 3.4, we
may want {; to be as large as possible. Thus, as be-
fore, we can exploit the second part of Theorem 13
to construct a larger inner set by placing some simple
set 2 between the candidate set Sy and the set T.
Moreover, we can use this idea recursively by starting
back the procedure with Sy = 2 and enlarge further
the inner set.

e Taking Sy = Q where (2 is a non-maximal RCIS con-
tained in Qo will always work since it results that
So € S1 C T in Theorem 13. Then, after computing
T and provided that Ty # Sp, a simpler set Q; can
be adopted satisfying Sy C Q; C Ty and proceeding
recursively like in the previous item. A way of finding

a non-maximal RCIS € is using the procedure of The-
orem 10 replacing (2o by some smaller set Qo C Qo
verifying Q** ¢ Qg. Provided that Qo contains a
RCIS, that procedure will compute the maximal RCIS
contained on it.

e In any case, using 2; = Qp'** will work and Theo-
rem 10 provides a procedure to compute that maxi-
mal inner set. However, the goal of this work is to use
simpler sets than those that are the result of an iter-
ation that may lead to very complex shapes. We are
assuming in this work that Q7*** results too complex
to be used in practice, what justifies the need for using
inner and outer approximations.

3.4 Application to Control Design

The existence of a RCIS like Q7'** inside a target region
Qo is a necessary condition for the existence of a control
law that can keep the state inside this region. Moreover,
in several MPC schemes the RCIS need to be explicitly
computed since they are used as terminal constraints for
the predicted states in order to ensure recursive feasibil-
ity and practical stability.

However, as it was already mentioned, in many situa-
tions the computation of the control invariant set can
be very difficult or can lead to a complex set that can-
not be used in practice. In such case, this complex set
can be replaced by the target region itself Qo and an in-
ner approximation €); that verifies Definition 3. In order
to show how to proceed with this replacement, we shall
consider a MPC scheme where the predicted states for
an input sequence 4(klk),...,a(k+ N —1|k) and a dis-
turbance sequence w(k|k), ..., w(k+ N — 1|k) are given
by

T(k+j+1|k) = f(@(k+jlk), a(k+jlk), @ (k+jlk)) (7)
with 2(k|k) = z (k).

The following lemma then shows that using a pass-
through constraint on the inner set {2; ensures recursive
feasibility of the MPC scheme. More precisely, we con-
sider that the admissible input sequences are those that
ensure that the predicted state sequence pass through
Q7 within the prediction horizon and remain in Qo after
passing through ;. We then show that if an admissible
input trajectory is found at time k, then an admissible
input trajectory can be found at time &k + 1.

Lemma 15. Consider the system of Eq. (1), an outer
set Qo and an associated N -step control inner set Q.
Suppose that in an MPC scheme the admissible input
sequences u(klk),...,a(k + N —1]k) € U are those that
ensure that, for any disturbance sequence, the predicted
states verify &(k + jlk) € Q for some j € Zi.n and
Z(k+ilk) € Qo Vi € Zj.n. If the state x(k) is such that



an admissible input sequence exists, then an admissible
input sequence ezists also for x(k + 1).

Proof. Let u(k|k),...,u(k+ N —1]k) € U be the admis-
sible input sequence chosen by the MPC scheme such
that u(k) = u(k|k). Let w(k) be the actual disturbance
and let z(k + 1) = f(x(k),u(k),w(k)) be the state at
time k + 1.

Let &(k + 1|k),...,Z(k + 1|k) be the predicted state se-
quence for the chosen input sequence and take j € Zy.y
as the minimum value such that &(k + jlk) € Q for
any disturbance sequence. Then, if j = 1 it results
that @(k + 1|k) € Q for any disturbance w(k|k). Thus,
z(k+ 1) € Qr and, according to Definition 3, an admis-
sible input sequence exists for z(k + 1).

In case j > 1, consider the input sequence (k+ilk+1) =
@(k + i|k) for i € Zy.j—1. Then, according to the defini-
tion of 7, it results that £(k + j|k + 1) € Q. Thus, from
Definition 3, an input sequence 4(k+ jlk+1),...,a(k+
N|k + 1) € U exists such that Z(k + ilk + 1) € Qo for
all © € Zj1:n41 for any disturbance sequence.

This implies that starting from z(k + 1) an admissible
input sequence exists 4(k + 1|k + 1),...,a(k + N|k +
1) € U such that the predicted states pass through
and after that never abandon Qo within the prediction
horizon. O

The next lemma shows that, provided that the initial
state is already in 2, admitting only input sequences
that keep the state inside Qo and pass through Q; al-
lows keeping forever the state inside the target set Qo
ensuring practical stability.

Lemma 16. Consider the system of Eq. (1), an outer
set Qo and an associated N-step control inner set ().
Suppose that in a MPC scheme the admissible input se-
quences G(k|k),...,4(k + N — 1|k) € U are those en-
suring that, for any disturbance sequence, the predicted
states verify &(k + jlk) € Q for some j € Z1.n and
Z(k+1ilk) € Qo Vi € Z1.n. Then, if the state x(k) € Qo
is such that an admissible input sequence exists, then
z(k 4+ 1) € Qo and an admissible input sequence exists
also for x(k +1).

This lemma, whose proof is very similar to that of the
previous one, tells that given a target region (2o, a pre-
dictive control scheme can be formulated such that the
state remains bounded to that region even when it is not
invariant. Moreover, it can be easily seen that the state
is in fact bounded to the maximal control invariant set
Q7P without actually knowing the latter set.

In order to exploit these features in the design of a con-
troller, given the target region 0o we need to compute

an inner set €7 for which Theorem 13 can be used. In
practice, the N-step control inner set €25 should be large.
Otherwise, the horizon length N could result too long or
the feasibility region may result too small. The reason is
that 7 must be reached in up to N-steps from the ini-
tial state, so using a small inner set may limit the region
from which it is reached within the prediction horizon.

4 Application Example

This section presents a numerical example that illus-
trates the advantages of replacing a RCIS by an outer
target region and a N-step control inner set. We con-
sider a nonlinear discrete-time perturbed system with a
finite input set, given by:

z1(ktl)=x —w3(k))w2(k)+az+wi (k),
z2(ktl)=a ( —w3(k))z1(k)+aszz(k)+wa(k),  (8)
z3(ktl)=a3(k)+asu(k),

where the state is x(k) = [z1(k), 2( ), z3(k)|T €
X C R3, the input is u(k) € U = {-1,1} and
wik) = [wi(k),we(k)T € W = {w € B2 : |uwy| <
1-107%, |we| < 21073} is a perturbation. Parame-
ters are a; = —0.01, ap = 0.1, ag = 10, a4 = 0.5, and
as = 0.02. This system represents the model of a boost
converter, being x; the inductance current, zo the ca-
pacitor voltage and x3 the duty cycle. According to the
last state equation, each control action modifies the duty
cycle in discrete steps of +a5 = +0.02.

We shall suppose that the target region is the outer
set QO = {ZC e X : |CC1 —.fl| < 006, |.CC2 —CE2| <

|£L’3—.’f’3| < 0015}, where * = [.’f’hi'g,fg]T =
[2,20,0.5]7. Given the system non-linearity, the compu-
tation of a RCIS contained in 2 is not simple. More-
over, it can be seen that any RCIS inside Q¢ is not con-
nected (and therefore non-convex). The reason is that
if |z3 — T3] < 0.005, then there is no control action
in U that keeps the state inside Q¢. In addition, when
(x3 — Z3) € [0.005,0.015] the only control action that
keeps the state in Qo is U = —1, and after that action
we have (z3 — Z3) € [—0.015,—0.005]. The inverse situ-
ation occurs when (z5 — Z3) € [—0.015, —0.005]. Thus,
the only possible way of keeping the state inside Qg is
alternating the control action which drives the state be-
tween two disconnected regions.

In spite of the fact that any RCIS is non-connected, a
simple control inner set could be found with just six



faces. Taking Q; = {x € X : Fx < g}, where

0 1
0 2.53-1072 —9.9967 - 10~
g | 124°1070 341107 —9.92.10°"
~1.24-10"! 3.41-107* 9.92.10"! |’
0 —2.53-1072 9.9967 - 10~
0 0 -1

T
g = [49.5 1.5716 —24.318 24.576 —1.0652 —48.5] :

1072, it can be verified that this set is indeed a 10-step
control inner set. This and the outer set are shown in
Figure 2 with some state evolutions.

In order to show the usage of these sets in the context of
MPC, we designed a very simple controller, where the in-
put trajectories within the prediction horizon (of length
H = N = 10) were restricted to satisfy the constraints
of Lemma 15 before reaching ;. This way, recursive
feasibility was ensured. After ; was reached, the con-
straints were those of Lemma 16 ensuring that the tra-
jectories never leave the outer region. Besides verifying
the constraints, the input trajectories were chosen such
that the cost function

J(u(k)) = Z 12 (k + ilk) =], (9)

is minimized. Here, the feasible input sequences are writ-
ten as u(k) = [a(k|k),u(k + 1|k),...,a(k + N — 1]k)],
and the predicted states are computed considering the
nominal case as

2k +i+1k) = f(@(k+ i|k), a(k + i|k),0)

for i € Zo.ny—1 with Z(k|k) = x(k) and being f(-) given
by the right hand side of Eq. (8). Then, the input at
time k is selected as u(k) = @*(k|k) where the sequence
u* (k) is the one that minimizes Eq. (9).

Figure 2 shows the state trajectories that were obtained
in the simulation of the resulting scheme from different
initial states that verify the aforementioned restrictions.
These state trajectories verify that, as stated in Lemmas
15 and 16, recursive feasibility and practical stability
are achieved using only the simple inner and outer sets
rather than a complicated non-connected RCIS.

Notice that while Q; is a 10-step control inner set, the
trajectories of Figure 2 enter back that set after only two
steps. However, for initial states very close to the vertices
of 7, there are possible disturbance trajectories that do
not allow the state to be back in that set before 10 steps.

0.49

0.48

0.47 g

21 2.05
T2 I

Fig. 2. MPC state trajectories.

5 Conclusions

We introduced a methodology to replace the use of com-
plicated robust positive control invariant sets by simpler
outer and inner approximations for control design pur-
poses. We showed that given a target outer set 2o, in-
stead of computing and using a complicated RCIS con-
tained in its interior, we may use a simpler N-step con-
trol inner set €2; and still ensure that the state trajec-
tories will not leave the target region. We also provided
theoretical results that relate N-step control inner sets
with the existence of robust positive control invariant
sets and some more practical results that can help to
construct and characterize these inner sets. In addition,
we showed how these inner and outer approximations
can be used in the context of model predictive controllers
as a way of replacing the usual terminal restriction to
a RCIS that ensures practical stability, illustrating the
ideas with a numerical example.

Regarding future work, we are currently working on spe-
cific MPC schemes that exploit the presence of inner
and outer sets to ensure practical stabilization and fi-
nite time convergence to the target region. In addition,
we are working in the design of systematic procedures
to compute inner set approximations in some particular
cases (linear systems with finite input sets, for instance).
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