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Hg,n < all simply connected Riemannian homogeneous space of
dimension n with a g-dimensional isotropy (up to isometry).

Ho,n = Ly variety of Lie algebras < left-invariant metrics on all
n-dimensional s.c. Lie groups.

Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea Rosario, August 2nd, 2012

3/25



Convergence

e Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea



Convergence

Lie injectivity radius of (G./Ky, 8u), 1 € Hq,n,

Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogened



Convergence

Lie injectivity radius of (G./Ky, 8u), 1 € Hq,n,

r, = sup {r >0:m oexp,: B(0,r) — G,/K, diffeomorphism} .

Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea Rosario, August 2nd, 2012 4/25



Convergence
Lie injectivity radius of (G./Ky, 8u), 1 € Hq,n,

r, = sup {r >0:m oexp,: B(0,r) — G,/K, diffeomorphism} .

Theorem (JL 2010)
Wi, N € 'Hq,n.

Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea Rosario, August 2nd, 2012 4/25



Convergence
Lie injectivity radius of (G./Ky, 8u), 1 € Hq,n,

r, = sup {r >0:m oexp,: B(0,r) — G,/K, diffeomorphism} .

Theorem (JL 2010)
tk, A € Hgn. If e — X and ir){f ry, > 0, then,

Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea Rosario, August 2nd, 2012 4/25



Convergence

Lie injectivity radius of (G./Ku, gu), it € Hq,n,

r, = sup {r >0:m oexp,: B(0,r) — G,/K, diffeomorphism} .

Theorem (JL 2010)
tk, A € Hgn. If e — X and irllf ry, > 0, then,

(Gui/Kui» ) — (Gr/ Ky, g)) pointed (or Cheeger-Gromov), after
passing to a subsequence.

Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea Rosario, August 2nd, 2012 4/25



Convergence

Lie injectivity radius of (G./Ku, gu), it € Hq,n,

r, = sup {r >0:m oexp,: B(0,r) — G,/K, diffeomorphism} .

Theorem (JL 2010)
tk, A € Hgn. If e — X and irllf ry, > 0, then,

(G /Kuis 8u) — (Gr/Kn, 1) pointed (or Cheeger-Gromov), after
passing to a subsequence.

In the case € = 0,

Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea Rosario, August 2nd, 2012 4/25



Convergence

Lie injectivity radius of (G./Ku, gu), it € Hq,n,

r, = sup {r >0:m oexp,: B(0,r) — G,/K, diffeomorphism} .

Theorem (JL 2010)
tk, A € Hgn. If e — X and irllf ry, > 0, then,

(Gui/Kui» ) — (Gr/ Ky, g)) pointed (or Cheeger-Gromov), after
passing to a subsequence.

In the case £ = 0, condition ir)(f ru, > 0 automatically holds,

Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea Rosario, August 2nd, 2012 4/25



Convergence

Lie injectivity radius of (G./Ku, gu), it € Hq,n,

r, = sup {r >0:m oexp,: B(0,r) — G,/K, diffeomorphism} .

Theorem (JL 2010)
tk, A € Hgn. If e — X and irllf ry, > 0, then,

(Gui/Kui» ) — (Gr/ Ky, g)) pointed (or Cheeger-Gromov), after
passing to a subsequence.

In the case £ = 0, condition ir)(f ru, > 0 automatically holds, and

8u, — & smoothly on R" = g, provided all ju are completely solvable
(e.g. nilpotent).
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e A sequence ju € Hiy of Aloff-Wallach spaces (SU(3)/S} ) which
converges to another Aloff-Wallach space A, but such that it does not
admit any pointed convergent subsequence.

o A divergent sequence ji € Ho 3 of left-invariant metrics on ész(R)
which nevertheless pointed converges to R x H?. 1 is actually
isometric to a convergent sequence in Hy 3.

o A sequence sk € Hi s of homogeneous metrics on S3 x S2
converging to A ¢ Hy 5 (K noncompact). However, A can be viewed
as an element of H> 4, giving rise to a collapsing of the p with
bounded curvature to a metric on S2 x S2.
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g(t) Ricci flow starting at the homogeneous manifold

(MagO) = (Guo/Kuoaguo)v Ho € 7'{q,m

2g(t) = —2Rc(g(t))],  £(0) = gu,

= G, C Isom(M, g(t)) for all t
= g(t) < (-, -)+: Ad(Ky,)-invariant inner product on p solving the ODE:

%<'7 '>t =2 RC((': '>t)7 <'7 '>0 = <'7 '>>
te(T_,T+), —0< T_<0< T+§T+.

Ricci flow on Hg, 777
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Bracket flow

Consider for a curve u(t) € A2g* @ g the bracket flow:

p=—7([oRri,]) 1}

&l

7 glgn — End(A%g* @ g),
T(A)p = Apls o) — p(A ) = p(- A), YA€ glgp,

Ric, : p — p Ricci operator, Ric,, = M, — 3B, — S(ad,, H,|).

po € Ha,n = p(t) € Hgq,n for all t,

p(t) ~ (Gu(ey/ Ky(e)s (5 +)) curve of homogeneous spaces.
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Fo(t) : M = Guy/Kuy — Gu(e)/Kue) such that
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determined by the Lie group isomorphism between G, and G,
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Fo(t) : M = Guy/Kuy — Gu(e)/Kue) such that

g(t) = o(t) gu) | Ve (T-, Ty).

Moreover, p(t) : Gy /Ky — Gpu(e)/ Kpu(e) equivariant diffeomorphism
determined by the Lie group isomorphism between G, and G, ;) with
derivative h := [59] g — g, where h(t) :== do(t)|o : p — b,

v

Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea Rosario, August 2nd, 2012 8 /25



(M, g0) = (Guo/Kuo> 8uo)r 1o € Hg,n,  (recall g =€ p),
(M. g(1): (Guo/Kuos80.3¢) » (Gu(e)/ Kue): 8u(r)) »

Theorem (JL 2010)
Fo(t) : M = Guy/Kuy — Gu(e)/Kue) such that

g(t) = o(t) gu) | Ve (T-, Ty).

Moreover, p(t) : Gy /Ky — Gpu(e)/ Kpu(e) equivariant diffeomorphism
determined by the Lie group isomorphism between G, and G, ;) with
derivative h:= [} 9] : g — g, where h(t) := dp(t)]o 1 p — p,

(i) &h=—hRic((-,-)¢), h(0)=1.

(i) s£h=—Ric,yh,  h(0) =1
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(M. g(1): (Guo/Kuos80.3¢) » (Gu(e)/ Kue): 8u(r)) »

Theorem (JL 2010)
Fo(t) : M = Guy/Kuy — Gu(e)/Kue) such that

g(t) = o(t) gu) | Ve (T-, Ty).

Moreover, p(t) : Gy /Ky — Gpu(e)/ Kpu(e) equivariant diffeomorphism
determined by the Lie group isomorphism between G, and G, ;) with
derivative h := [59] g — g, where h(t) :== do(t)|o : p — b,

(i) &h=—hRic((-,-)¢), h(0)=1.

(i) < qih = —Ricyey h,  h(0) =1.
o= (),
(iv) pu(t) = huo(h™- h71).
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(Mag(t))v (GMO/KMO’g(-,~>t) ; (Gu(t)/Ku(t)agu(t)) 5
g(t) = ()" gu(r)

@ Same behavior of the curvature and of any other Riemannian
invariant.
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(Mag(t))’ (Guo/Kuoag(-,~>t) ) (Gu(t)/Ku(t)7gu(t)) ’
g(t) = o(t)"gu(r)

@ Same behavior of the curvature and of any other Riemannian
invariant.

@ Maximal interval of time where a solution exists is the same.

o /(tx) — X € Hg,n (or a suitable normalization) = convergence or
subconvergence g, — g\ (infinitesimal, local or pointed).
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(Mag(t))a (Guo/Kuovg(-,~>t) ) (Gu(t)/Ku(t)7gu(t)) >

g(t) = o(t) gur)

Same behavior of the curvature and of any other Riemannian
invariant.

Maximal interval of time where a solution exists is the same.

p(tk) — X € Hg.n (or a suitable normalization) = convergence or
subconvergence g, — g\ (infinitesimal, local or pointed).

:u(t)|{3><g = M0|Exg-
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Application to nilmanifolds

G nilpotent and s.c., K ={e}, g=p=R"
on g,

G, p nilpotent Lie bracket
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g = p = R" = G, p nilpotent Lie bracket

on g, |Ric, =M, |
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g = p = R" = G, p nilpotent Lie bracket

on g,
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g = p = R" = G, p nilpotent Lie bracket
on g, | Ric, = M, |, R(gy) = — 1| |u]l?,
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g = p = R" = G, p nilpotent Lie bracket
on g, | Ric, = M, |, R(gy) = — 1| |u]l?,

%,u = —7(Ricy)p = —grad(tr Rici)u

negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g = p = R" = G, p nilpotent Lie bracket
on g, | Ric, = M, |, R(gy) = — 1| |u]l?,

%,u = —7(Ricy)p = —grad(tr Rici)u
negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of p +— tr Rici on the sphere.
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G nilpotent and s.c., K = {e}, g = p = R" = G, p nilpotent Lie bracket
on g, | Ric, = M, |, R(gy) = — 1| |u]l?,

%,u = —7(Ricy)p = —grad(tr Rici)u
negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of p +— tr Rici on the sphere.

Theorem (JL 2009)
@ The Ricci flow g(t) is a type-Ill solution
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g = p = R" = G, p nilpotent Lie bracket

on g, [Ric, = My |, R(g) = —¢llull”
%,u = —7(Ricy)p = —grad(tr Rici)u

negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of p +— tr Rici on the sphere.

Theorem (JL 2009)

@ The Ricci flow g(t) is a type-lll solution (i.e. t € [0,00) and
IRm(g()]| < ).
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G nilpotent and s.c., K = {e}, g = p = R" = G, p nilpotent Lie bracket

on g, [Ric, = My |, R(g) = —¢llull”
%,u = —7(Ricy)p = —grad(tr Rici)u

negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of p +— tr Rici on the sphere.

Theorem (JL 2009)

@ The Ricci flow g(t) is a type-lll solution (i.e. t € [0,00) and
IRm(g(D))Il < £)-

o g(t) converges in C*° to a flat metric uniformly on compact sets in
R".
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negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of p +— tr Rici on the sphere.

Theorem (JL 2009)

@ The Ricci flow g(t) is a type-lll solution (i.e. t € [0,00) and
IRm(g(D))Il < £)-

o g(t) converges in C*° to a flat metric uniformly on compact sets in
R".

o After rescaling (R = —1),
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g = p = R" = G, p nilpotent Lie bracket

on g, [Ric, = My |, R(g) = —¢llull”
%,u = —7(Ricy)p = —grad(tr Rici)u

negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of p +— tr Rici on the sphere.

Theorem (JL 2009)
@ The Ricci flow g(t) is a type-lll solution (i.e. t € [0,00) and
IRm(g(D))Il < £)-
o g(t) converges in C*° to a flat metric uniformly on compact sets in
R".
o After rescaling (R = —1), g(t) converges to a Ricci soliton metric
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Application to nilmanifolds
G nilpotent and s.c., K = {e}, g = p = R" = G, p nilpotent Lie bracket

on &Ry = My} Rig) =

%,u = —7(Ricy)p = —grad(tr Rici)u
negative gradient flow of the square norm of the moment map for the
action GL, O A%g* ® g.

[JL 2001] g, Ricci soliton <y critical point of p +— tr Rici on the sphere.

Theorem (JL 2009)

@ The Ricci flow g(t) is a type-lll solution (i.e. t € [0,00) and
| Rm(g(e)] < £).

o g(t) converges in C*° to a flat metric uniformly on compact sets in
R".

o After rescaling (R = —1), g(t) converges to a Ricci soliton metric
&0, Which is also invariant under a transitive nilpotent Lie group,
though possibly non-isomorphic to G.
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Other applications

[Guzhvina 2008] Bracket flow for nilmanifolds with applications to
almost-flat manifolds.
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Other applications

[Guzhvina 2008] Bracket flow for nilmanifolds with applications to
almost-flat manifolds.

[Payne 2010] Qualitative behavior of bracket flow solutions for
nilmanifolds.

[Glickenstein-Payne 2010] Ricci flow of 3-dim unimodular Lie groups.

[Arroyo 2012] Application to Ricci flow of 4-dim homogeneous manifolds
and to Ricci flow of solvmanifolds.
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Example in dim = 3
p = f1ap € Hiz defined by
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Example in dim =3
p = f1ap € Hiz defined by

M(X3a Zl) - X2a
w(Z1, X2) = Xa,
/.L(X2,X3) = aX1 + bZl.
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Example in dim =3
p = f1ap € Hiz defined by
M(X3a Zl) == X2a

(21, X2) = Xs,
;L(Xg, X3) = aX1 + bZl.

a=(—2a°+2b)a,

&l

Bracket flow:
&b=(—a%+2b)b.
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Example in dim =3
p = f1ap € Hiz defined by
M(X3a Zl) == X2a

(21, X2) = Xs,
;L(Xg, X3) = aXi + bZy.

a=(—2a°+2b)a,

&l

Bracket flow:

&b=(—a%+2b)b.

Figure: Phase plane for the ODE system
Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea Rosario, August 2nd, 2012 12 /25



Example in dim =3

Figure: Volume-normalized bracket flow
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Example in dim =3

20

2.0

NIw

Figure: R-normalized bracket flows: R
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Example in dim =3

101

s Sl

Figure: R-normalized bracket flows: R = —%.
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Example in simple Lie groups.
G/H irreducible compact symmetric space, g = h @ m.
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Example in simple Lie groups.
G/H irreducible compact symmetric space, g = h @ m.
da=1(aa®+(1-a)b?)a,

Bracket flow:
dp=—L(aa® + (3 —a)b? —4ab)b.

Rosario, August 2nd, 2012 16 / 25

The Ricci flow and its solitons for homogenea

Jorge Lauret, Univ. Nac. de Cérdoba ()



Example in simple Lie groups.
G/H irreducible compact symmetric space, g = h @ m.
da=1(aa®+(1-a)b?)a,

Bracket flow:
dp=_1(aa® 4 (3 — a)b® - 4ab)b.

1 2 HxR™ 3

Figure: Phase plane for the ODE system
16 / 25
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Example in simple Lie groups

Figure: Volume-normalized bracket flow
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Example in simple Lie groups

e e ), O

-2

Figure: R-normalized bracket flow: R =2
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Example in simple Lie groups

Figure: R-normalized bracket flow: R = —3
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Ricci solitons

(M, g) complete Riemannian manifold,
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(M, g) complete Riemannian manifold, Ricci soliton:
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Ricci solitons

(M, g) complete Riemannian manifold, Ricci soliton:

Re(g) = cg + Lx(g), ceR, X € x(M) (complete)
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Ricci solitons

(M, g) complete Riemannian manifold, Ricci soliton:

Re(g) = cg + Lx(g), ceR, X € x(M) (complete)

< g(t) = (-2t +1)p(t)'g, (1) € Diff(M),
solution to Ricci flow with g(0) = g.
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Ricci solitons

(M, g) complete Riemannian manifold, Ricci soliton:
Re(g) = cg + Lx(g), ceR, X € x(M) (complete)
< g(t) = (-2t +1)p(t)'g, (1) € Diff(M),

solution to Ricci flow with g(0) = g.

[lvey, Naber, Perelman, Petersen-Wylie]
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Ricci solitons

(M, g) complete Riemannian manifold, Ricci soliton:

Re(g) = cg + Lx(g), ceR, X € x(M) (complete)

< g(t) = (-2t +1)p(t)'g, (1) € Diff(M),
solution to Ricci flow with g(0) = g.

[lvey, Naber, Perelman, Petersen-Wylie] ~ Any nontrivial (i.e.

non-Einstein and not the product of an Einstein homogeneous manifold
with a euclidean space)
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Ricci solitons

(M, g) complete Riemannian manifold, Ricci soliton:

Re(g) = cg + Lx(g), c €R, X € x(M) (complete)

< g(t)=(2ct+1)p(t)g, (1) € Diff(M),
solution to Ricci flow with g(0) = g.

[lvey, Naber, Perelman, Petersen-Wylie] ~ Any nontrivial (i.e.
non-Einstein and not the product of an Einstein homogeneous manifold
with a euclidean space) homogeneous Ricci soliton must be noncompact,
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Ricci solitons

(M, g) complete Riemannian manifold, Ricci soliton:

Re(g) = cg + Lx(g), c €R, X € x(M) (complete)

< g(t)=(2ct+1)p(t)g, (1) € Diff(M),
solution to Ricci flow with g(0) = g.

[lvey, Naber, Perelman, Petersen-Wylie] ~ Any nontrivial (i.e.
non-Einstein and not the product of an Einstein homogeneous manifold
with a euclidean space) homogeneous Ricci soliton must be noncompact,
expanding (¢ < 0),

Jorge Lauret, Univ. Nac. de Cérdoba () [The Ricci flow and its solitons for homogenea Rosario, August 2nd, 2012 20 / 25



Ricci solitons

(M, g) complete Riemannian manifold, Ricci soliton:

Re(g) = cg + Lx(g), c €R, X € x(M) (complete)

< g(t)=(2ct+1)p(t)g, (1) € Diff(M),
solution to Ricci flow with g(0) = g.

[lvey, Naber, Perelman, Petersen-Wylie] ~ Any nontrivial (i.e.
non-Einstein and not the product of an Einstein homogeneous manifold
with a euclidean space) homogeneous Ricci soliton must be noncompact,
expanding (¢ < 0), non-gradient.
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Algebraic solitons

(G/K,g): connected homogeneous space.
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Algebraic solitons

(G/K,g): connected homogeneous space.
semi-algebraic soliton: 3 ¢ € Aut(G) with ¢:(K) = K such that

g(t) = c(t)eigry,  &(0) =g
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Example in dim =3
= pap € His

Figure: Phase plane for the ODE system
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Example in simple Lie groups.
G/H irreducible compact symmetric space, g = h @ m.
b
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Figure: Phase plane for the ODE system
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