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Cohomological Equation

Xu=¢ (CE) |

@ M smooth (compact) manifold
@ X smooth vector field
e ¢: M — R given

@ u: M — R unknown
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Cohomological Equation

Xu = ¢ (CE) |

@ M smooth (compact) manifold
@ X smooth vector field
e ¢: M — R given

@ u: M — R unknown

Induced flow
dx: M x R — M defined by

at|t=oq).tX(p) =X(p), VpeM
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Cohomological Equation

Xu=¢

(CE) |

@ M smooth (compact) manifold
@ X smooth vector field
e ¢: M — R given

@ u: M — R unknown

Induced flow
dx: M x R — M defined by

at|t=oq).tX(p) =X(p), VpeM

Line flows are characteristic curves!
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Existence of solutions

Definition
For r > 1, define the space of C'"-coboundaries

B(X,C") = {Xu:ue C"(M,R)}
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Existence of solutions

Definition

For r > 1, define the space of C'"-coboundaries

B(X,C") = {Xu:ue C"(M,R)}

Main Problem
How does the topology of M affect the B(X, C*)?
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Existence of solutions

Definition

For r > 1, define the space of C"-coboundaries

B(X,C") = {Xu:ue C"(M,R)}

Main Problem
How does the topology of M affect the B(X, C™)?

Example (uninteresting)

M =R?% X =(1,0,...,0). Then B(X,C%®) = C*(R%)
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Existence of solutions

Definition
For r > 1, define the space of C"-coboundaries

B(X,C") = {Xu:ue C"(M,R)}

Main Problem
How does the topology of M affect the B(X, C™)?

Example (uninteresting)
M =R?% X =(1,0,...,0). Then B(X,C%®) = C*(R%)

First evidence
Compactness of M breaks surjectivity, e.g. 1 ¢ B(X, CY)
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Invariant measures

Definition
@ 1 Borel probability measure is X-invariant iff

| otk du= [ wan vo v
M M

@ Krylov & Bogolioubov: There exists an X-invariant proba measure
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Invariant measures

Definition
@ 1 Borel probability measure is X-invariant iff

| otk du= [ wan vo v
M M

@ Krylov & Bogolioubov: There exists an X-invariant proba measure

v

Proposition [(CE) vs. invariant measures]

B(X, C°O ﬂ ker p
HEM(X)
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Measures are not enough!

Distributions

e D'(M):=(C*(M))* topological dual space

o D'(X) :={ueD'(M):{uvo®)=u), V1, ¥t}
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Measures are not enough!

Distributions
e D'(M):=(C*(M))* topological dual space
o D'(X):={ueD(M):{u1o®)={_u1), Yo, Yt}

Proposition [(CE) vs. invariant distributions]

B(X, COO ﬂ ker 1
ueD!(X)
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o X, = (o,

An (important) example

,aq) € R? constant vector field on T = R¢/7Z¢
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An (important) example

o X, = (ai,...,ay) € RY constant vector field on T¢ = R4 /74
o Irreducibility: (a,...,a4) € R? is non-resonant iff
V(nl,...,nd) YA

d
anaj=0 = n; =0,V
j=1
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An (important) example

o X, = (ai,...,ay) € RY constant vector field on T¢ = R4 /74

o Irreducibility: (a,...,a4) € R? is non-resonant iff
V(nl,...,nd) YA

d
anaj=0 = n; =0,V
j=1

Proposition
If X, is irreducible, then:
Q@ dimD'(X,) =1, ie X, is DUE

Q X,: CP(T?) — C*(T?) is closed iff (a1,...,aq) Diophantine
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An (important) example

o X, = (ai,...,ay) € RY constant vector field on T¢ = R4 /74
o Irreducibility: (a,...,a4) € R? is non-resonant iff
V(nl,...,nd) YA

d
anaj=0 = n; =0,V
j=1

Proposition
If X, is irreducible, then:
Q dimD'(X,) =1, i.e. X, is DUE
Q X,: CP(T?) — C*(T?) is closed iff (a1,...,aq) Diophantine

(1) and (2) key properties for KAM theory ]
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Cohomological Rigidity

Conjecture (Herman, Katok, late 1970’s)

If X € 2 (M) is cohomologically rigid, i.e. DUE and closed, then
o M =T4
e X = X,, with (a1,...,a,4) Diophantine
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Cohomological Rigidity

Conjecture (Herman, Katok, late 1970’s)

If X € 2 (M) is cohomologically rigid, i.e. DUE and closed, then
o M =T4
e X = X,, with (a1,...,a,4) Diophantine

Theorem (F. & J. Rodriguez-Hertz, 2005)
X € 2 (M) cohomologically rigid, then M fibers over T/ (M)
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Cohomological Rigidity

Conjecture (Herman, Katok, late 1970’s)

If X € 2 (M) is cohomologically rigid, i.e. DUE and closed, then
o M =T4

e X = X,, with (a1,...,a,4) Diophantine

Theorem (F. & J. Rodriguez-Hertz, 2005)
X € 2 (M) cohomologically rigid, then M fibers over T/ (M)

Theorem (Forni - K - Matsumoto, 2007)

Herman-Katok conjecture is true for d < 3.
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DUE vector fields - Rigidity
Folkloric Idea

The topology of M “generates” X-invariant distributions
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DUE vector fields - Rigidity
Folkloric Idea
The topology of M “generates” X-invariant distributions

Example
X € X(M) DUE = x(M) =0

AN —
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DUE vector fields - Rigidity
Folkloric Idea
The topology of M “generates” X-invariant distributions

Example
X € X(M) DUE — x(M) =0

Conjecture (Forni, 2007)
X € X(M) is DUE, then M = T4
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DUE vector fields - Rigidity

Folkloric Idea
The topology of M “generates” X-invariant distributions

Example
X € X(M) DUE — x(M) =0

Conjecture (Forni, 2007)
X € X(M) is DUE, then M = T4

Main Theorem (Avila, Fayad, K , 2011)
Let P := G/H be homogeneous space of following kind:
@ G nilpotent simply connected Lie group, H < G uniform lattice;

@ G compact Lie group, H < G any closed subgroup.
Then M := T? x P admits DUE vector fields.
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Proof Main Theorem
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Proof Main Theorem

Main difficulty: (Flaminio, Forni, F. Rodriguez-Hertz)
There is no new homogeneous DUE vector field J
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Proof Main Theorem

Main difficulty: (Flaminio, Forni, F. Rodriguez-Hertz)
There is no new homogeneous DUE vector field J

@ &x: (T? x P) x R — T? x P as suspension of a diffeomorphism
[:T'xP->T'xP
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Proof Main Theorem

Main difficulty: (Flaminio, Forni, F. Rodriguez-Hertz)
There is no new homogeneous DUE vector field J

@ &x: (T? x P) x R — T? x P as suspension of a diffeomorphism
[:T'xP->T'xP
e Homogeneous skew-products: a € T, v € C®(T, G), define

Tan:Tx G/H > (t,gH) — (t+ a,y(t)gH)
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Proof Main Theorem

Main difficulty: (Flaminio, Forni, F. Rodriguez-Hertz)
There is no new homogeneous DUE vector field J

@ &x: (T? x P) x R — T? x P as suspension of a diffeomorphism
[:T'xP->T'xP
e Homogeneous skew-products: a € T, v € C®(T, G), define

Toyy : T x G/H 5 (£, gH) — (t + o, 7(t)gH)

o Anosov-Katok space:

(Y00

@ = {TO,’Y © Ta,ec © T(fvl tae T: Y€ COO(T’ G)}
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Proof Main Theorem

Main difficulty: (Flaminio, Forni, F. Rodriguez-Hertz)
There is no new homogeneous DUE vector field J

@ &x: (T? x P) x R — T? x P as suspension of a diffeomorphism
[:T'xP->T'xP
e Homogeneous skew-products: a € T, v € C®(T, G), define

Toyy : T x G/H 5 (£, gH) — (t + o, 7(t)gH)

o Anosov-Katok space:

(Y00

@ = {TO,’Y © Ta,ec © T(;'% tae T7 Y€ COO(T’ G)}

@ Theorem: DUE diffeos are generic in O.
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Main “Dynamical” Lemma

3 “finite dim filtration” (Ej) of subspaces of C;°(T x G//H)} satisfying:
VYneNand Vg €N, dg € N and 3v: T — G such that:

Q v is 1/qp-periodic,
@ Vp e N, coprime with g,

Bn € B (Toy 0 Tyge 0 Tots €%,
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Main “Dynamical” Lemma

3 “finite dim filtration” (Ej) of subspaces of C;°(T x G//H)} satisfying:

VYneNand Vg €N, dg € N and 3v: T — G such that:
Q v is 1/qp-periodic,
@ Vp e N, coprime with g,

Bn € B (Toy 0 Tyge 0 Tots €%,

q—1 .

N\J
Y200 (Tono Tygeq o T5t) =0, Vo B,
j=0
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Nilmanifold case: pseudo-polynomials
e Any C®-function ¢: T x (G/H) — R can be written

(b t gH Z ¢k gH 2mikt
keZ
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Nilmanifold case: pseudo-polynomials
e Any C®-function ¢: T x (G/H) — R can be written

(b t gH Z (bk; gH 2mikt
keZ

° ééo) e C*(G/H,C) can be lifted to its universal cover (2560): g—C
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Nilmanifold case: pseudo-polynomials
e Any C®-function ¢: T x (G/H) — R can be written

¢ t gH Z ¢k gH 2mikt
keZ

° qASg)) € C*(G/H,C) can be lifted to its universal cover (Z)g)): g—C
e Mal'¢ev: 3 basis {v1,...,v4} of g s.t. span{vy,...,v;} is ideal and

H = exp(Zvy) exp(Zwa) . . .exp(Zvg).
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Nilmanifold case: pseudo-polynomials
e Any C®-function ¢: T x (G/H) — R can be written

¢ t gH Z ¢k gH 2mikt
keZ

° qASg)) € C*(G/H,C) can be lifted to its universal cover (zSE,O): g—C
e Mal'¢ev: 3 basis {v1,...,v4} of g s.t. span{vy,...,v;} is ideal and

H = exp(Zvy) exp(Zwa) . . .exp(Zvg).

O,

2mik:
1. - Zd)k I27 B ) e

keZ
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Nilmanifold case: pseudo-polynomials
e Any C®-function ¢: T x (G/H) — R can be written

¢ t gH Z ¢k gH 2mikt
keZ

° qASg)) € C*(G/H,C) can be lifted to its universal cover (zSE,O): g—C
e Mal'¢ev: 3 basis {v1,...,v4} of g s.t. span{vy,...,v;} is ideal and

H = exp(Zvy) exp(Zwa) . . .exp(Zvg).

o
(0) 2mik
0 Ilv Zd)k I27 L) ) T
keZ
(1) 2mik
0 -/L'Q’ Z ¢k T3y T ) i
keZ
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Compact case

o I3(G/H,pn) = @ V, decomposition irreducible G-subrepresentations
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Compact case

o I3(G/H,pn) = @ V, decomposition irreducible G-subrepresentations
o Peter-Weyl: Each V,, ¢ C*(G/H) and dim V,, < o
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Compact case

o I3(G/H,pn) = @ V, decomposition irreducible G-subrepresentations
o Peter-Weyl: Each V,, ¢ C*(G/H) and dim V,, < o
° B, :=®,<, Va finite dim filtration” of C5°(G/H, 1)
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Compact case

o I3(G/H,pn) = @ V, decomposition irreducible G-subrepresentations

o Peter-Weyl: Each V,, ¢ C*(G/H) and dim V,, < o
° B, :=®,<, Va finite dim filtration” of C5°(G/H, 1)

Theorem [E-equidistributed loops]

VE < C°(M, ) finite dimensional subspace, 3y € C*(T, M) and
dm e N s.t.

U 1
¢>( t+—>=0, VteT, Voe E
So(a(e+ )
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Gracias!
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