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Abstract. In this paper we construct an “interior penalty” discontinuous Galerkin method to
approximate the minimizer of a variational problem related to the p(z)-Laplacian. The function
p: Q — [p1,p2] is log-Holder continuous and 1 < p1 < pa < oo. We prove that the minimizers of the
discrete functional converge to the solution. We also make some numerical experiments in dimension
one to compare this method with the conforming Galerkin method, in the case where p; is close to
one. This example is motivated by its applications to image processing.
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1. Introduction. In this paper we study a discontinuous Galerkin method to
approximate the minimizer of a nonhomogeneous functional. This functional is related
to the so-called p(z)-Laplacian operator, i.e.,

(1.1) Apyu = div(|Vu(z)[P®~2vu).

This operator extends the classical Laplacian (p(z) = 2) and the so-called p-
Laplacian (p(z) = p with 1 < p < 00) and it has been recently used in image processing
and in the modeling of electrorheological fluids; see [3, 8, 23].

In an image processing problem, the aim is to recover the real image I from an
observed image £ of the form £ = I + 7, where 7 is a noise.

Approaches to image denoising have been developed along three main lines:
wavelet methods, stochastic methods, and variational methods; see the references
in [3]. One variational approach that has attracted a great deal of attention is the
total variation method of Rudin, Osher, and Fetami [22]. The variational problem is
as follows: Minimize the functional |Du|(Q2) over all the functions in BV (Q) N L?(Q)

such that
/udx:/gdx and /|u—§|2dx:(f2
Q Q Q
for some o > 0.

The conditions on the space come from the assumption that & is a function that
represents a white noise with mean zero and variance o. Moreover, the authors prove
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that this problem is equivalent to minimizing

Dul(@)+ 5 [ Ju= g da

for some nonnegative Lagrange multiplier A = A(c,&). This model works when the
image is piecewise constant but in some cases can cause a staircasing effect. See, for
instance, [7].

An older approach consists in minimizing

A
/|w|2+§/ lu— €2 da.
Q Q

This method solves the staircasing effect, but it has the problem that it does not
preserve edges.

In [8], the authors introduce a model that involves the p(z)-Laplacian for some
function p : Q — [p1,2] with p; > 1. This function encodes the information on the
regiones where the gradient is sufficiently large (at edges) and where the gradient
is close to zero (in homogeneous regions). In this manner, the model avoids the
staircasing effect still preserving the edges.

Recently, in [3] the authors propose a variant of the method of Chen, Levine, and
Rao [8]. More precisely, they consider the functional

A
/|Vu|”(””)+§/ lu— €2 da
Q Q

with p: Q — [1,2] a function such that p(z) = Py (|VGs * &|(2)), where G5(z) is an
approximation of the identity, M >> 1, and P, is a function that satisfies P/ (0) = 2
and Pys(x) =1 for all |x| > M. Observe that since p(x) = 1 for some values of z, the
authors have to rewrite the functional in a form that allows for computation of weak
derivatives.

Motivated by the above mentioned applications, we study a numerical method to
approximate minimizers of a functional related to the p(x)-Laplacian.

We work in the following setting. Let €2 be a bounded Lipschitz domain. For
functions p, s, t the following conditions will be assumed when necessary:

(H1) p: Q — [p1,p2] (1 < p1 < p2 < 00) is log-Holder continuous. That is, there
exists a constant Clog such that

Cho
p(z) = p(y)| < ——5— Voye;
log (e + —Iw*yl)

(H2) s € L*>(Q), with 1 < s(x) < p*(z) — ¢ for some € > 0;
(H3) t € C°(09) with 1 < t(z) < p.(z).
Here, p* and p, are the Sobolev critical exponents for these spaces, i.e.,

p@V-D) it p(z) < N,

p@)N_ p <N
1 p(ﬂ?) ) and p*(ﬂf) ::{ N —p(x)

az>wuw:{Nw®

+o0 if p(x) > N, “+o0 if p(x) > N.

Given p, q,r satisfying (H1), (H2), and (H3), respectively, and ¢ € L) (Q), we
want to minimize the functional

10) = [ (V@)™ + ofa) ~ €@)") da+ [ o ds

I'n
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over all v € A, where
A={veWw"?O(Q):v—up € ng(')(Q)},

up € Wl’p(')(ﬂ), and 00 = I'p UT'y. For the definitions of the variable exponent
Sobolev spaces W1P()(Q) and ng(')(ﬂ), see section 2.

Let us observe that, considering the applications we have in mind, it is relevant to
study the minimization problem in the case where p approaches the value 1 in some
regions. We can see by making some numerical experiments that the minimizers have
a large derivative in these regions. For this reason, the conforming finite element
method is not appropriate since its use would imply the need of fine meshes in order
to obtain good approximations; see section 8.

We consider the so-called discontinuous Galerkin methods. These methods are
relatively new from the theoretical point of view. In [1], we can find a unification of
all methods of this type. In all the examples of that paper, the authors take as a
model a linear differential equation.

At this point we want to mention that in [3] and [8] the authors find an approxi-
mation of the solutions by using an explicit finite difference scheme for the associated
parabolic problem.

Our aim is to study, in the future, the minimization problem in the case where
p approaches the value 1 in some regions (where there is no weak formulation). For
this reason, we think that the best way to find approximations is by finding a good
discretization of the minimization problem. We take a discretization similar to the
one in [6], where the authors study a functional that includes the case p = constant.

Our discrete functional is the following:

I (vn) = / (|Vvh + Ry (0P + |vp, — §|q(x)) dx +/ lop, — upP@ P 43
Q

I'p
+/
T

where h is the local mesh size, h is the global mesh size, I';,; is the union of the
interior edges of the elements, [vp] is the jump of the function between two edges,
and Vv, denotes the elementwise gradient of vy,; see section 3 for a precise definition.
Observe that the boundary condition is weakly imposed by the second term of the
functional. Finally, Ry, is the lifting operator defined in section 5.1, which represents
the contributions of the jumps to the distributional gradient.

In the case p = constant, the boundedness of this operator is proved by using
an inf-sup condition. In our case, for technical reasons we use a different approach,
which consists of finding a local characterization of the operator.

With this setting the discrete problem is to find a minimizer u; of I over the
space S¥(Ty,) of all the functions that are polynomials of degree at most k in each
element, with £ > 1, see section 3.

In this work we show that the sequence wj, converges to the minimizer u of I over
the space A. We want to remark here that we are assuming that for each v;, € S*(7y,),
all the terms of I (v,) can be exactly computed.

In fact, we prove the following theorem.

THEOREM 1.1. Let Q be a polyhedral domain. Let p(z),q(z), and r(x) be func-
tions satisfying (H1), (H2), and (H3), respectively, and let up € W2P2(Q). For each

[on]P@ P s + / lup|"®) ds,
I'n

int
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h € (0,1], let up, € S*(Tp) be the minimizer of Iy,. If u is the minimizer of I, then
(1.3) up, — u strongly in L) (Q) Vs satisfying (H2),
(1.4) up, — u strongly in L' (9Q) ¥t satisfying (H3),
(1.5) I, (up) — I(w),
(1.6) R(up) — 0 strongly in LPO) (),
(1.7) /F lup — upP@h!P@ g5 4+ / [un] P& 0P g5 — 0,

D ¢

(1.8) Vuy, — Vu strongly in LPO) ().

Finally, we want to mention the places where we need the regularity hypotheses
on the function p. First, in order to prove Theorem 1.1 we need to use the continu-
ity of the embedding W1'?()(Q) < LP"()(Q), the continuity of the Trace operator
WrO)(Q) < L10)(99), and the Poincaré inequality. As we can see in Theorems 2.9,
2.10, and 2.8, for these results we need p to be log-Holder and r € C°(99).

We also use strongly that p is log-Holder in Proposition 2.11. This result says
that if s is an element with diameter h, and p/; and p” are respectively the maximum
and minimum of p over , then hh~ "+ is bounded independent of h,. This property
is crucial in the proof of several results in the paper.

On the other hand, in order to prove the convergence of the sequence u;, we need
a technical hypothesis on the boundary condition up. In fact, Lemma 6.4 covers only
the case where up € W2P2(Q).

Outline of the paper. In section 2 we state several properties of the variable
exponent Sobolev spaces.

In section 3 we give some definitions and properties related to the mesh and to
the broken Sobolev spaces.

In section 4 we study the reconstruction operator and we prove some error esti-
mates that are crucial for the rest of the paper (Corollary 4.5).

In section 5 we prove the boundedness of the lifting operator (Theorem 5.3).

In section 6 we prove the broken Poincaré inequality (Theorem 6.1) and the
coercivity of the functional (Theorem 6.2) and finally we give the proof of Theorem
1.1.

In section 7 we study the convergence of the conforming finite element method.

In section 8 we give a one-dimensional example and compare both conforming
and non-conforming schemes.

2. Preliminaries: The spaces LP()(Q2) and W1P()(Q). We now introduce
the spaces LP()(Q) and W1P()(Q) and state some of their properties.

Let p: 2 — [p1, p2] be a measurable bounded function, called a variable exponent
on 2, where p; := essinf p(x) and ps := esssup p(z) with 1 < p; < pa < 0.

We define the variable exponent Lebesgue space LP() () to consist of all measur-
able functions u: © — R for which the modular

o) = [ Ju@)P) da
is finite. We define the Luxemburg norm on this space by
lullLrer ) = llullpe) = nf{k > 0: gy (u/k) < 1}.

This norm makes LP()(Q) a Banach space.
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The following properties can be obtained directly from the definition of the norm.
PROPOSITION 2.1. If u,u, € LPO(Q), [Jull,) = A, then
(1) A<1(=1,>1) if only zf/ lu(z)[P@ de <1 (=1,>1);
Q

(2) if A > 1, then X't < / Ju(z) [P dx < P2
Q

3) if A <1, then \P? < / Ju(z) [P dx < AP

) Q
4) [o, lun(2)[P@ da — 0 if and only if |un|l,.) — 0;
1 1
5) 11l < max {177, 197 }
6) if Q@ = Ui~ Q, where Q; C Q are open sets, then there exists a constant
C > 0 depending on m such that

(
(
(
(

[ull Lror@y < C Z [ull o>,
i=1

Proof. See Theorems 1.3 and 1.4 in [18]. 0

For the proofs of the following three theorems we refer the reader to [21].
THEOREM 2.2. Let q(x) < p(x); then LPO)(Q) < L1)(Q) continuously.
THEOREM 2.3. Let p,q,r : Q — [1,00), and € > 0 be such that p(z) < r(z) <

q(z) — e for all x € Q. Then, there exists a positive constant C such that for every
u € LPO(Q) N LI (Q) the inequality

el ooy < Cllulles g lulac ey

holds, where >0 and v > 0 are defined as

x) qz) —r(z) .
esssupQ]Mu if lull Lror o) > 1,

r(z) q(x) — p(z)

essinfg%ggg :;g; if llull ey < 1,
esssupﬂ%% if lull Loy @) > 1,

if [Jull acr (@) < 1.

) x
essinfo——=
r(z

THEOREM 2.4. Let p'(z) such that 1/p(z) + 1/p/(x) = 1. Then LP'O)(Q) is the
dual of LPO)(Q). Moreover, if py > 1, LP)(Q) and W) (Q) are reflezive.

Now we give some well-known inequalities,

PROPOSITION 2.5. For any x fixed we have the following inequalities:

[n— €72 < O™ =2 — g2 (- ) ifpl(x) 22,

2 ple)=2 p() -2, _ |¢[p(z)-2 :
n—€(Inl+1el) < CnP =g -8 i pla) <2,
[P < 271 (fy - €r) + [¢P@) if pla) > 1.

These inequalities say that the function A(z,q) = |¢|P®)=2¢ is strictly monotone.
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PROPOSITION 2.6. Let F,,, F € LP)(Q).

(1) If
F,, — F weakly in LP*)(Q),
then
/|F|”(””) dxgnminf/ |, |P®) da.
Q neo Jo
(2) If
F, — F strongly in L") (),
then
/|Fn|P<I> da:—)/ |F|P®) dz,
Q Q
(3) If

(2.1)  F, — F weakly in L*)(Q) and / |E,|P®) da — / |F[P@) d,
Q Q

F, — F strongly in L") ().

Proof. For the proof of (1) and (3) see Theorem 3.9 and Lemma 2.4.17 in [13].
Finally, (2) follows by Proposition 2.3 in [15]. 0

Let WP()(Q) denote the space of measurable functions u such that u and the
distributional derivative Vu are in LP()(Q2). The norm

lellwreor @y = lullpey + 1Vulllpe)

makes W1P()(Q) a Banach space.
We define the space Wol’p(')(Q) as the closure of C§°(Q) in W1HP()(Q). Then we
have the following version of the Poincaré inequality; see Theorem 3.10 in [21].
LEMMA 2.7. Ifp: Q — [1,400) is continuous in S, there exists a constant C
such that for every u € Wol’p(')(Q),

[ullLror @) < ClIVUl Lo -

We also have the following version of the Poincaré inequality; see Lemma 2.1 in
[20].

THEOREM 2.8. Let  C R™ be a Lipschitz domain and p,q : Q — [1,+00) with
p<q<p". Then,

v — (w)allLao) @) < ClVUll Lo ()

for all w € WHP()(Q), where (u)q = ﬁ Joudz.

In order to have better properties of these spaces, we need more hypotheses on
the regularity of p. For expample, it was proved in [11, Theorem 3.7] that if one
assumes that < is Lipschitz and p is log-Hélder continuous, then C*°(2) is dense in
Wl’p(')(Q); see also [10, 14, 16, 21, 24]. The local log-Hléder condition was first used
in the variable exponent context in [26].

We now state two Sobolev embedding theorems. (For the proofs see [12] and
Corollary 2.4 in [17], respectively.)
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THEOREM 2.9. Let Q be a Lipschitz domain. Let p : @ — [1,00) be log-Holder
continuous. Then the embedding WP()(Q) < LP"()(Q) is continuous.

THEOREM 2.10. Let Q be an open bounded domain with Lipschitz boundary.
Suppose that p € C°(Q) with p; > 1. If r € C°09Q) satisfies the condition 1 <
r(z) < p«(z) for all x € 0N, then there is a compact boundary trace embedding
wir)(Q) — L0 (09Q).

Let I'p C 909, and let p be log-Holder. We define the space Wpl’;(')(Q) as the
closure of the space {¢p € C=(Q):p=0o0nTp} in WP (Q).

The following proposition is crucial in order to prove the main result of this paper.

PROPOSITION 2.11. Let p : Q — [1,00) be log-Hélder continuous and bounded.
Let « >0, D C Q, and h = diam(D). Then,

(1) there exists a constants C' independent of h such that

(2.2) he®P@)=PW) < ¢ Yz, y € D;

(2) if A>h?, then AP@) < CAPY) for all x,y € D such that p(z) < p(y).
Proof. Let z,y € D. If p(x) > p(y) or h > 1 the result follows since €2 is bounded.
If p(z) < p(y) and h < 1, using that p is log-Holder, we have

p(y) —plz) < o <6+C 1 ) < » (eC+ %)

|z -y

Then, we get (2.2). -
By (2.2) and as A > h®, we have that for all z,y € D such that p(z) < p(y),

A\ P@)=p)
) pe@ W) < AW, g

p(z) — pAp(y) [ 22
A A (h‘l

3. The mesh T} and properties of Wl’p(')(n). In this section we give some
definitions and properties related to the mesh and to the broken Sobolev space.

HYPOTHESIS 3.1. Let Q be a polygonal Lipschitz domain and (Th)ne(,) be a
family of partitions of Q0 into polyhedral elements. We assume that there exists a
finite number of reference polyhedral Ry, ...k, such that for all k € Ty, there exists
an invertible affine map F,; such that k = F,(k;). We assume that each k € T, is
closed and that diam(k) < h for all k € T,

Now we give some notation:

Eni={rNkK dimg(kNk)=N-1}U{cNON: dimy(kNIN) = N — 1},
Tint := U{e €& :dimg(end) < N —1}.

N, is the set of nodes of 7. For every z € NV}, and e € &, we define

T, = U{ne Th:z€r}, T,:= U{Tz: zek}), T.:= U{TN: e €K,
hy, = diam(k), h, = diam(7%), he = diam(e),

p" :=ess inf p(x), pfy i=esssupp(x), p° :=essinf p(z), and pS = esssupp(z).
TER = xreEe rCe
We assume that the mesh satisfies the following hypotheses.
HypoTHESIS 3.2. The family of partitions (Th)ne(0,1) satisfies Hypothesis 3.1 and

the following hold:
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(a) There exist positive constants C and Cy, independent of h, such that for each
element k € Tp,

Cihy < || < Cahf.

(b) There exists a constant Cy > 0 such that for all h € (0,1] and for all face
e € &, there exists a point x. € e and a radius p. > Crdiam(e) such that
By, (xe) N A C e, where A, is the affine hyperplane spanned by e. Moreover,
there are positive constants such that

Chn S he S Chﬁa Chn’ S he S Chn’

where e = kN K.

We use the notation ~ to compare quantities which differ only up to positive
constants that do not depend on the local or global mesh size or on any function
which appears in the estimate.

Remark 3.3. By the regularity assumption of the mesh we have the following:

HzeN,:z€ K}~ 1, HeeTh:kCT,}~1,
He'eTh: v CTy~1, #Hle€&hieCT,}~1, and #{le€&:eC Ty}~ 1.

Remark 3.4. As a consequence, we have that diam(7) ~ h, and for each z € Kk
and e C Ok, hy ~ h,, and he ~ h,. See the discussion in section 4.2 in [6].

Remark 3.5. By Proposition 2.11, we also have that for each edge e C 0k,
hﬂ(r) ~ hg(y) for any =,y € k. We will replace p®,p® by p_ and p%,pS by py when
no confusion can arise.

Now, we introduce the finite element spaces associated with 7,. We define the
variable broken Sobolev space as

WEPO(T,) == {u € L*(Q): u|. € WP (k) Vi € Tp}
and the subspaces

U(Th) == {u e C(Q): u|, € P*VYr € T},
SE(Th) == {u € L'(Q): u|, € P*Vr € T},

where PF is the space of polynomial functions of degree at most k > 1.
We also define, for any x € T, the space

WLP(')(TN) = {ulTﬁ U € WLP(V)(E)}?

and in the same manner we define the spaces W'P()(T,) and W'*()(T,) for any
z€ N, and e € &,.

For each face e € &y, e C I';,¢, we denote by k1 and k™ its neighboring elements.
We write v, v~ to denote the outward normal unit vectors to the boundaries 9x¥,
respectively. The jump of a function v € WHP()(T;,) and the average of a vector-
valued function ¢ € (WP (T,))N with traces u®, ¢* from k* are, respectively,
defined as the vectors
o+~

5 .
Let h: 90QU Ty, — R be a piecewise constant function defined by

[u] =vwt vt +u" v and {¢}:=

h(z) = diam(e) if = € e,

where e € &,.
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We consider the following seminorms on W1?() (Ty,):

_—1
[ulwreo (1) = IVUll Lo ) + 1Tulh?@ || ooy,
=1
[ulyree) gy = lulwrro () + W@ | oo )3
and we consider the local seminorm

/—_1
[ulwiro () = [IVUllpror ) + Z [[ulh? @ (| Lo e
eCTy

for any s € Tp,. Similarly, we define the seminorms |u[y1.p¢) (7, ) and [uly1p0)(r,) for
any z € N, and e € &, .

LEMMA 3.6. For all p: [1,00) — R, there exists a constant C' independent of h
such that

|Du|(Q) < Clulwivo(r,y  Yue WHPO(T,) Vh e (0,1].

Proof. For all uw € W'?0)(Ty,), we have that

|Du|(n)g/ﬂ|vu|dx+/r_ I[u]| ds.

Thus, by the Holder inequality, Proposition 2.1(5) and Hypothesis 3.2, there exists a
constant C' depending only on ||, p1, and ps such that

1
1Dul(2) < € (192l o @y + 07 [elllcrr, ) -

The proof is now complete. d

LEMMA 3.7. Let (Tn)he(o,1) be a family of partitions of Q. Then, for each function
p,q: Q = [1,00), there exists a constant C' > 0 independent of h such that for any
k€ Th

N
q_

N
1wl Loc) ey < Chyt llull Lacr )y Vu € S*(Tn) Vh € (0,1].

Proof. Let k € Ty, i its corresponding reference element, and Fj: & — k the
associated affine mapping. We set J = |det(DFy)|. Using Hypothesis 3.2, we have
C—'hYN < J < ChY for some constant C' which is independent of x. Let K > 0; then
we have

p(x) poF(a) poFy(a)
/<%> dx=/<|“§{F“|) Jda:ﬁOth/(%) dz.

Thus,

I(CRY) PO ul| 1oy ) < w0 Fll poorecr ay-
Using that h, < 1, we obtain
(3.1) ull Lo () < (CRR)YPH{[u 0 Fl| poorac (s -
Similarly, we have

(3-2) 1o Fallpaoreos gy < (Chi™)Y4 [[ul| Lot e)-
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Because on a finite dimensional space all the norms are equivalent, we have that
there exists a constant C' depending only on N and k such that

(3.3) luo Fellproretray < Clluo FellLeaay < Clluo Fellpaay < Clluo Fllpao ),

where in the first and last inequalities we are using Theorem 2.2.

Finally, by (3.1)—(3.3) we arrive at the desired result. O

LEMMA 3.8. If p is log-Hdélder continuous, then, for any e € &, N 0 and
z € Nj, Ne we have that

1

(3.4) ullror ) < Che ™ ull ooy Yu € S¥(Th),
(e) (T-)

where C' = C(p1,p2, N, Q, Clog).
Proof. Let k € Ty, such that e C k. Let F,; and & be as in the proof of Lemma 3.7
and let é = Ft(e).

Then,
/e(m;_xn)m ds<0h51/é(w)’”m“ i
Hence,
H(c—lhﬁ)ﬁ% oy < 0 Fellirero oy

By using Theorem 2.2 and that all the norms are equivalent, we have
[wo Fellrorncr ey < Clluo Fillzrz(e) < Clluo Fellpie)-
On the other hand, by the local inverse estimate in [6, p. 837], we have
lwo Frllpie) < Clluo Fellr(x)-
By again using Theorem 2.2, we obtain
luo Fellnizy < Clluo Fyllprorec sy

By using all the inequalities and the definition of the Luxembourg norm, we arrive at

u
NTP)

u

_1
fu 7 LrO) (e) = CH p/p()

Lr() (k)
Finally, we obtain
. Np_—-pry)
17 Pl Loy o) < Chie 77 lull Loy ).
By Remark 2.11, we get

1 N>
thp(z)u”LP(‘)(e) < Ce HUHL”(')(K)'

Now, inequality (3.4) follows immediately using Proposition 2.1(3) and the fact
that h, ~ h,. O

The next result establishes the existence of the local projector operator. (For the
proof see subsection 3.1 of [6].)

LEMMA 3.9. For all z € N}, there exists a linear map 7, : BV (Q) — R such that

|lu—m.(u)|pr (1) < Ch.|Dul(T.) Vu e BV(Q),

where C' is a constant independent of h and z.
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4. The reconstruction operator Q. In many discontinuous Galerkin prob-
lems one uses a priori bounds in order to prove the Poincaré inequality for the discrete
space. In order to prove these inequalities a reconstruction operator is needed. In this
section we define, as in [6], a family of quasi-interpolant operators and prove some
error estimates depending on the mesh size. These results are more general than the
ones in [6], because we prove bounds in the variable p(x)-norm. On the other hand,
these results are less general than the ones in [4] in the sense that they only cover
the case of the finite dimensional space S*(73,). This last restriction comes from the
fact that in Lemma 3.7 we need to use the equivalence of the norms in the space of
polynomials.

In order to prove these error estimates we strongly use Proposition 2.11. This is
why we need p to be log-Holder continuous.

Now, we define and study the reconstruction operator. For each h € (0, 1], let

Qn: S*(Th) = Wh>(Q)

be the linear operator defined by

Qh(u) = Z Wz(u))\za

zENh

where )\, is the standard P! nodal basis function associated with the vertex z on the
mesh 7y,

In the next theorem, we give some local estimates of the L9() (k) and L) (e)
norms in terms of the WP()(T,.) seminorm and h.

THEOREM 4.1. Let p,q: Q@ — [1,00) be log-Hélder continuous in Q. Then, the
operator Qy, satisfies

g

(4.1) [u—Qn(Wllparwy < Che " |ulwrror (1) Vk € Th,
N—1_ N

(4.2) ||u — Qh(u)||Lq(4)(e) < Ohgq_ P |u|W1,p(~)(Te) Ve € &, N1,

(4.3) HVQh(u)”LP(')(K) < C|U|W1wp<~)(Tﬁ) Ve € Th

for all u € S¥(Ty), where C is a constant independent of h.
Proof. We proceed in three steps.
Step 1. We first show inequality (4.1).
Fix x € Tp. For z € N} Nk, by using Proposition 2.1(6) and Lemma 3.7, we get

N _N
= 7 ()l ) < € ne = ).
{r":k'CT.}

By Remark 3.4 and Proposition 2.11, we get

N
||’U, - 71—z(’u/)”LtI(')(TZ) S Ch§7 HU — WZ(U)HLI(TZ).

Thus, by Lemma 3.9, we have

X -_N+1
|lu =7 (u)|lLacr () < Che IVl + Y [ [[ullds | .

eCT, ¥ €
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Then, by again using Lemma 3.7 and Remark 3.3 we have

(o :
(44) w7 (@)l gz, < ChE (m IFulsorqmy + A2 3 |mmw>.

eCT. €

To estimate the second term, we use the Holder inequality, obtaining

1

— _1
[l ds < 20 falhe ™ i 142 s

(4.5) L .
<C| Tulhe "l e " 1o )

Now, by Proposition 2.1(5), we have that

(N=1)(1=5)
I Lo ey < Che T

Then, we obtain

—s N
/mesmmmw“mm@m |

Therefore, summing over all e C T, and using (4.4), we arrive at

N

(4.6) Ju =7 (W)l par () < Chz™ 77 ulwieo 1y

Now, as in the proof Theorem 3.1 in [6] and using Proposition 2.1(6), we have
the inequality (4.1).

Step 2. We now show the inequality (4.2).

Fix e € &, N OQ and let z € N}, Ne. By the inequality (3.4),

1
I = 7 (W)l Lacr () < Chz ™ [Ju = (W)l Lac) 22

Again, following the lines in [6] and using that p and ¢ are log-Holder continuous in
Q, we arrive at the inequality (4.2).

Step 3. Finally, we will show the inequality (4.3).

Fix K € Tp. First, since (\;)zen, s is a partition of the unity in x we have that
for any = €

VQuu(z) — Vu(z) = > (m(u) —u(@)VA.(z) + > Vu(z)i:(2)

zeNLNK zeNKNK

IVQutl o € 3 Nma() = 0V Aullprorgy + 35 IVl 2ot
2ENLNK 2ENLNEK
IVl oo (x)-

Now, using Hypothesis 3.2, we have that there exists a constant C such that |[VA,| <
C1h~ 1 in K, and by (4.6) we get, using Remark 3.3,

IVQuullotry C D lulwrsery + lulwrro iz < (C+ Dlulwrso ).

zENLNK

The proof is now complete. d
Our next aim is to prove some global estimates. To this end we will need some
definitions.



IP-DGFEM METHOD FOR THE p(z)-LAPLACIAN

DEFINITION 4.2. Let p: Q — [1,00). Given q: ) — [1,00) and q¢ < p* in Q, we

define
o)

Observe that 0 <~y <landy=0ifp(z) > Nforallz € Qandy=1ifp(z) < N
and ¢(z) = p*(x) for all x € Q.
DEFINITION 4.3. Let p: Q — [1,00). Given q: Q — [1,00) and ¢ < p, in §, we

define
ﬁzsup{ a(x) :a:EQ}.
ps(x)

Observe that 0 < < land 8 =0if p(x) > N forall z € Q and 8 = 1 if
p(z) < N and ¢(z) = p.(x) for all x € Q. _

LEMMA 4.4. Let p,q: Q — [1,00) be log-Hélder continuous in Q. Let u € S*(Ty,)
satisfy

(47) |u|W1,p(-)(Th) S 1.

Then, we have the following:
o Ifp<q<p*in, then

(4.8) /Q lu— Qn(w)|7® da < CAVO-),
(4.9) /Q VO (w)P@ dz < C.

o Ifp<q<p,.inQ, then
(4.10) | u=@uwpe as < cn-u-),

where C' = C(p1,p2,, Ciog, N) and v and B are given in Definitions 4.2 and 4.3,
respectively.
Proof. First observe that by (4.1) we have

_ q(x)
/ [u = Qn(w)] dr <1 VkeTh,
" ql_ipl_Jrl q(r)
<Chk |u|W1’P(')(Tﬁ))

and by (4.7) we get

1
7 / |u — Qh(u)|‘J(m)dx <1 VkeT,.
N*T:‘Fq q_ K
Ohk wLrpC)(T,)

“
Then, by Proposition 2.11,

Ng_

N-—I=4
/ u— Qu(w)|"® de < Chy -

N-24D) 4 g(x

q- B _
|“|?/V1,p(l>(TN) < Chx .

)
|u|W1,p(l)(T,i)
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for any k € Ty, and x € k. Therefore,
@i [ e Qu)t) de < CHY I ull g € T

On the other hand, by Remark 3.3, the number of k C T}; is uniformly bounded
in h. Using this fact and Proposition 2.1(6), we have that

(4.12) |u|?,‘;1,p(->(TN) <C Z (HVU”E(-)(N + H[[u]]h r ||Lp(> Hmrznt))
KCTy
On the other hand, if we suppose that ||[Vullsc) () > hi Nia-
2.11(2), we have that

(4.13) IVl o ) < CIVUl T (-

, by Proposition

int

(4.14) |[u]n 5" ||Lp<> WD) = < C||[ulh 7 |Lp<> kD

Now, we take

Arguing as before, if ||[[u]]h% Lo (wATsne) = P N/a- | e have that

int)’

A={keTh: IVull o = WY/}
and
1-p
B ={k €T [ulb’7 oo w2 027}

Observe that

Z ||VUHLP() = Z h]/-cv < Cv

(415) KEA® . KEA®
Z H [[u]]h P ||L_P(')(Kﬁrint) < C.
KREB*®

On the other hand, by hypothesis (4.7) we have that ||Vl 1s¢)(,) < 1 and then
for all k € T},

IVl < 190550 < [ V6P da,
1-p
I % [ < [ PR de

Since each x appears only in finitely many sets T, we have, by (4.12)—(4.16),

Z |u WLp()(T,) <Z HVU| LPO) (k) + Z ||Vu|qu(_)(H)>

(4.16)

KETH KEA KEA®
+ C (Z ”[[u]]h P |Lp() (kN int) + Z H[[u]]h p Lp( )(,{mrmt)>
rEB rEB*®

| /\

<z;4/|vu|p<w> do + Z/

KEB
=C </ |VulP®) dz —|—/
Q r

[[u] P& 1P ds—|—1>

Nlnt

|[[u]]|p(m)h1*p(w) ds + 1) )

int



IP-DGFEM METHOD FOR THE p(z)-LAPLACIAN

Thus, by (4.7) and (4.11) we get

/ lu — Qn(u)|?®) dz = Z / lu — Qp(w)]1®@ dz < CHNA=),
Q

KETHL

Finally, using the same argument, (4.2), and (4.3), we get
/ lu— Qn(u)]?® ds < ChN-1D0=A and / IVQn(u) [P d < C,
0 Q

where C' is independent of h. a
The following corollary follows immediately.
COROLLARY 4.5. Let p,q: Q — [1,00) be log-Hélder continuous in Q. Then, for
all u € S*(Ty,), we have the following:
o Ifp<gq<p*infl, then

(4.17) /Q lu — Qp(w)|1® dz < CHNA-Y) max{|u|?/‘1/lyp(,)(7_h), |u|?,[2,1,p(,)(7_h)} ,

(4.18) /Q |VQh(U)|p(w) de < Cmax{|u|€;/1,p<,)(7_h), |“|€;2/1,p(4>(77l)} :

o Ifp<q<p.in, then
(4.19)

/aQ lu — Qp(w)|"® ds < CRN-D1-8) max{|u|€‘1,1,p(_)(7h), |u|€;1,p(_)(Th)} )
In equations (4.17), (4.18), and (4.19), the constant C = C(p1, p2, 2, Ciog, N) and
and [ are given in Definitions 4.2 and 4.3, respectively.

Proof. Tt follows by Lemma 4.4, taking v = u|u|;V11,p(,)(7_h). |

Remark 4.6. Under the same hypothesis of the last corollary, if 1 < ¢ < p* in ),
we have that for all u € S*(7y,),

u=Qn ()| Lacr i) < CRN DNulyrne (1) and [ VQu()l|Lror ) < Clulwine (),

where C' = C(p1, p2, 2, Ciog, N).

5. The lifting operator. We begin this section by defining, as in [6] (see also
[1]), the lifting operator.
DEFINITION 5.1. Let 1 > 0 and Ry,: WHPO(T;,) — SY(Th)N be defined as

/ (Ri(u), ¢) dix = — / (Tl {6})dS Vi € S'(Th)™.
Q Tint

This operator appears in the first term of the discretized functional Ij,. As we
can see from the definition, this operator represents the contribution of the jumps to
the distributional gradient. This is why it is crucial to add this term in order to have
the consistency of the method.

We point out that this lifting operator was first used in [2] in order to describe
the contributions of the jumps across the interelements of the computed solution
on the (computed) gradient of the solution in a mixed formulation of Navier—Stokes
equations. It was also used in [5], where a solid mathematical background for the
method introduced in [2] was proposed.
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Now, we give a bound of the LP()(Q)-norm of Ry, (u) in terms of the jumps of u
in Fint-

When p is constant the proof follows from an inf-sup condition. Since in our case
we are dealing with the Luxemburg norm, we can’t prove the boundedness directly
from the definition. We can prove this inf-sup condition, but we cannot use it to prove
the result. Instead, we find a local characterization of Ry in order to prove a local
bound and then we prove the global bound.

We first give the local estimate.

LEMMA 5.2. There exists a constant Cy such that for any k € Ty, we have

IRn ()l rr oy < IR O] || oo unresy Yu € WHPO(TR) - VR € (0, 1].

Proof. We proceed in two steps.
Step 1. We first want to prove that

(5.1) R ()] < /|[[u]]|dS Vi T

”“ eCk

where C' is independent of x and h.
We begin by observing that by Hypothesis 3.1 there exists m = m(k, N) € N such
that for each x € Tp,

u)|w o Fre = Zai@i(ﬁ)
i=1

where {¢;} is the standard nodal base of (P')" in the reference element # := F7 (k).
Using the definition of R; we have that for each 1 < j < m,

f Futwes o B whe =3 [ o e o £ o)
_ _Z/[[u]]{% o F-1(x)} dS.

eCkK

On the other hand, if we change variables and we use Hypothesis 3.2 and the fact
that |@;(2)] < 1, we get

| det(DF})|
N

/(pi ) Fn_l(a:)gpj ) Fn_l(az) do = hNN/ wi(x)pj(z) dox = h]ﬁvdij

K

with dij ~ 1.
Therefore,

1 m
Rh(u”KOFK:h_NZ 1b @1
koi=1

where D = (dj;) and b; = — > . [ [ul{¢; o F'(x)}dS.

Thus, using that |p;(x)] < 1, we arrive at (5.1).

Step 2. Now we show that there exists a constant Cy such that for any x € Ty,
we have

1RR (@)l oy < CIB P O[]l o e,y Yo € WHPO(TR) - VA€ (0,1].
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By inequality (4.5), we have
N0
[ullds < Che [[ulhe ™ Lo (o) -
e

Thus, by Hypothesis 3.2 and (5.1), we have that

|Bn(u)| < N/,, > ke 7o L0 (e)

eCk

__1
Now, take T' = 5" [ulhe " || o (e)- Then,

/

where in the last inequality we are using Proposition 2.11.

The result follows now by Remark 3.3. O

LEMMA 5.3. Let p: Q —: [1,00) be log-Holder continuous in Q2. Then, there
exists a constant C' such that

ecr H

Ry (u) ‘pu)
T

dr < C/ h;Np(””)/P— dz < ChnN(l—m/p—) <C,

[Rn ()l ooy < CIRYY @O ]| ooy r,,y Yu € WHPO(TL) Vhe (0,1].

Proof. First, if we assume that ||h*1/pl(””)[[u]]||Lp<4>(pmt) < 1, we can prove using
Lemma 5.2 and proceeding as in Lemma 4.4 that

/ | Ry, (w)|P®) da < C.
Q

Finally, by taking v = u(|[h=Y?@ [u]|l1pc)(p,,.,)) ", we obtain the desired
result. O

6. Convergence of the method. In this section we first prove the broken
Poincaré Sobolev inequality, which is crucial to get compactness. We also prove the
coercivity of the functional and we finally arrive at the proof of Theorem 1.1.

THEOREM 6.1. Let p: Q — [1,+00) be log-Hélder continuous in Q. There eists
a constant C such that

lu = @ellLro @) < Clulwiso () Yue SM(Th) Yhe (0,1],

where ( = % f wdz. In particular,

lull o= ) ) < C(HUHLl(Q) + |U|W1,p(l)(7’h)) Yu € Sk('ﬁl) Vh € (0,1].
Proof. We begin by observing that

v = (Wallpro @) < lu = Qu(w)ll Lo ) + 1QR(w) — (Qn(u)all e (@)
+CQn(u) — ull ()

Then, using Remark 4.6 and Theorem 2.8, we have
lu— (wallLror @) < Clulwivo () Yu € S¥(Th) Vh e (0,1].

The proof is complete. O
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THEOREM 6.2. For each h € (0,1], let u, € WYPO)(Ty,). If there exists a constant
C' independent of h such that Iy (up) < C for all h € (0,1], then

sup (lunllLr) + [unlwreo (7)) < oo
he(0,1]

Moreover,

sup / lup — upP@h! =P 45 < oo
he(0,1]Joq

Proof. Since I, (up) < C, then ||h*1/p/(””)[[uh]]HLp(.)(Fm) < C. And, by Lemma 5.3
and Proposition 2.1, we have

/ R (un)|P) dar < C.
Q
Using the third inequality in Proposition 2.5 and the above inequality, we get
/ R (un) + Vun @ da > 2172 / VP dz — C.
Q Q
Therefore,

In(up) +C > 217P2 / |Vun|P®) da + / lup — up|P@h!=P@) g5
Q T

D
+ / [[un]|P@ 0P 4s.
Fine

Thus, as In(un) < C, we obtain that |up|y1s0)(7;,) and [, [un — up[P@ht—PE) 49
are uniformly bounded.

Finally, by the Friedrichs inequality for BV, Lemma 3.6, the Holder inequality,
Proposition 2.1, and the fact that h < 1, we have

lunllLi@) < € (|uh|W1‘p(')(Th) +/ |uh|d5'>
I'p
< C(|Uh|wl,p<~>(7h) +/ lup|dS
I'p
+ [[(un — uD)h1/p/(w)|Lp(')(FD)”hl/p/(JC)”LP/(-)(FD))

<C (|Uh|wl,p<~>(7h) +/
r

This completes the proof. a

LEMMA 6.3. Let p, s, and t be functions satisfying (H1), (H2), and (H3), respec-
tively. Let uy, € Sk('ﬁI) be under the conditions of Theorem 6.2. Then, there exist a
sequence h; — 0 and a function u € WHP()(Q) such that

lup|dS + |[(un — uD)h_l/p,(z)”Lp(')(FD)) '

D

(6.1) up, = u  weakly* in BV (Q),
(6.2) Vun, + Ri(un,) — Vu  weakly in LP)(Q),
(6.3) up, —u  strongly in L*0(Q),
(6.4) up; —u  strongly in LO09).
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Proof. We first observe that by Theorem 6.2 we have that

sup (unllzr() + [unlwiee (7)) < oo Vh € (0,1].
he(0,1]

Then, the proofs of (6.1) and (6.2) follow by applying Theorem 5.2 in [6] with value
p1 and using that Ry, (uy,) is bounded in LP()(Q); see Lemma 5.3.

We now prove (6.3). By (6.1) and the compactness of the embedding BV (2) C
L'(£2), there exists a subsequence of uy,, still denoted by wup,, such that

up, — win L'(Q).

Since [|un, || L1 + [un; [w1.ee) (7, is bounded, by Theorem 6.1 [[up, || L) (q) is bounded,

and by Theorem 2.9 v € WP()(Q) ¢ LP"()(Q). Therefore, using Theorem 2.3, we
obtain that

(6.5) up, —u in L*O(Q)

for all s satisfying (H2).
Finally, we prove (6.4). We begin by observing that by Corollary 4.5,

(66) ||Uh — Qh(uh)HLp(.)(Q) —0ash—0
and {Qp(up)} is bounded in W1HP()(Q). Then, there exists v € WP()(Q) and subse-
quence {Qn, (up,)} such that Qp, (up,) — v weakly in WP()(Q). Therefore, by (6.5)
and (6.6), v = u.
Using Theorem 2.10,
(6.7) Qn, (un;) — u strongly in L*O(6Q).
Now, taking ¢ : Q — [1,00) log-Holder with ¢t < ¢ < p. and by Corollary 4.5, we
get Qn, (un,) — up, — 0 strongly in L**)(09). Therefore, up, — uin L*)(9Q). O
Before proving the convergence of the minimizers, we need an auxiliary lemma.
It is in this step where we need more regularity of the boundary data.

LEMMA 6.4. Let h € (0,1], and p : Q@ — (1,00) satisfying (H1). Assume that
up € W2P2(Q) and let v € W2P2(Q) N A; then there exists v, € U(Ty,) such that

lvp, — U||W1,p<~>(g) —0 ash—0
and
In(vy) = I(v) ash—0.

Proof. Since p is log-Holder, we have that C>(Q) are dense in WP (Q). Then
the first part follows by standard approximation theory; see Theorem 3.1.5 in [9].
Moreover, vy, satisfies

(6.8) [0 = vnllLesor) < Cllo = vllwrra () < Chicl| D*0]l o2 ()

for each k € Tp. Using Remark 3.4 and summing over all e € 02, we have

(6.9) /89 v — vn[P*h' P2 ds < Ch|| D*0|[ 3, -
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In addition, by the Holder inequality and since h < 1, we have
/ lv — vy [PE R PE) ds < C||Jv — vy |[PORE—P2)PC) /P2 | Lo2/90) 8-
oQ

Since

/ (Jv — o[ P R(—P2)p(@)/P2)p2/p(x) g — / v — vp[P2h (P s,
o0 o

then by (6.9)
/ v — v [P@RPE) ds 0 as h — 0.
lo)

Since v, € WHP(O)(Q), then [v,] = 0 and Ru(vy) = 0. Finally, using (6.8) and
Theorem 2.6, we obtain the desired result. a

Now, we are in a condition to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 6.4 there exist wy, € U'(T},) such that wy, — up
strongly in W'P()(Q) and I, (wy,) — I(up). Therefore, since Iy (up) < In(wy), we
have that Iy, (up) is bounded.

Then, by Theorem 6.2 and Lemma 6.3 there exist a subsequence up; and u €
Wtr()(Q) such that

j )
Vun, + Rp(up,) — Vu  weakly in LP0)(Q),
up; — u strongly in L*0(Q) Vs satisfying (H2),
up; — u  strongly in L*O(5Q) Vi satistying (H3).

up, —u  weakly* in BV(Q)
(

(6.10)

On the other hand, since the penalty term
/ hl_p|uh —up|?dS
I'p

is bounded, we have that

v —upllpropy < 1t —un;ll ooy py + lun;, —unll pror @ py — 0.

Then u € A.
Taking s = ¢ and ¢t = r in (6.10), by Proposition 2.6 we have
(6.11)
I(u) < liminf [/ (|Vuhj + Rh(uhj)|p(z) + |up,; — §|q(z)) dz +/
Q

j—o0 Ty

a1 5|

< liminf Iy, (up; ) < limsup I, (us, ).

J =0 Jj—o0o

Now, we want to prove that u is the minimizer of I. Let v € AN W?2P2(Q), and
let v, € UY(Ty) as in Lemma 6.4. Then I (vs,) — I(v). Therefore, by (6.11)

(6.12) I(u) < liminf I, (up,) <limsup Iy, (up;) < lim Ip, (vs,) = 1(v).
j—o00

J =0 Jj—o0o
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Now, let w € A; then for any ¢ > 0 there exists v € AN W2P2(Q) such that
[v = w|lwire) (o) < e By Theorem 2.6 we have that I(v) < I(w) + ¢&; therefore by
(6.12)

I(u) < liminf Iy, (up,) < limsup Iy, (up;) < I(w) + €.

J—00 Jj—o0o
Taking ¢ — 0, we get

I(u) < liminf I, (up,) <limsup Iy, (up;) < I(w) Yw € A.

J—00 Jj—o0o

Therefore I(u) < I(w).
Moreover, taking w = u, we have that all the inequalities in (6.11) are equalities;
therefore we have that Iy, (un,) — I(u). Then

/ |[un, 1P ;' 7 dS — 0

and using Lemma 5.3 we have that Rj(us,;) — 0. This fact and (6.10) imply that
Vuy,, — Vu weakly in LPO)(Q).
Since u is the unique minimizer of I, the whole sequence uy, converges to u.
Finally, since

Vaup+ Ry (up) — Vu weakly in LPO) () and /(|Vuh+Rh(uh)|p(m) dx — / | V[P d,
Q Q

by Proposition 2.6, Vu, + Rp(un) — Vu strongly in LP()(Q). Therefore, since
Ry (up) — 0 strongly in LPO)(Q), we get that Vuj, — Vu strongly in LPO)(Q). O

7. The continuous Galerkin method. In order to make a complete study
of this problem, we prove the convergence of the continuous Galerkin finite element
method (CGFEM) for our problem. In the next section, we make a comparison of the
two methods in an example.

For simplicity, we take the following functional:

o (5 25

with ¢(z) satisfying (H2). Then, since the functional I is strictly convex and coercive
in A, there exists a unique minimizer of the problem.

We take now a partition of ) as in Hypothesis 3.1 and the usual conforming
subspace UF(T;,) of W1P()(Q). This subspace consists of all continuous functions
such that they are polynomials of degree at most k in each k € T;, . We assume that
for some A/, up € UF(T;). (This assumption replaces the one in Lemma, 6.4.)

Let now h < A’ and

V¥ = {vn € U¥(Th): vn = up on 09}

For simplicity, we may assume that h' = 1.
Remark 7.1. Let I} : C°(Q) — UF be the interpolant mapping defined in
Theorem 3.1.5 in [9]. Then, we have that

[1Ih¢ — dllwrrer ) < ClHnd — @llwrrz (o) — 0
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for any ¢ € C5°(£2). We also have by the continuity of I that I(IIp¢+up) — I(¢+up)
as h — 0.

By the strict convexity of I, for each h € (0,1] there exists a function uy € V}¥
such that uy, is a minimizer in V¥ of I.

Now we prove the main result of this section.

THEOREM 7.2. The sequence {uy} converges to u strongly in WP()(Q), where
u s the unique minimizer of I.

Proof. Since {I(up)} is uniformly bounded, there exists a subsequence of {uy}
(still denoted by {up}) such that

(7.1) up, — u weakly in WHPO)(Q),
(7.2) up, — u strongly in LPO)(€).

As in the proof of Theorem 1.1, using Remark 7.1 instead of Lemma 6.4 we can
prove that u is the minimizer of I and that I(up) — I(u) as h — 0. By the convexity
of I and (7.1), we have that

(7.3) / |V, [P da —>/ |VulP®) dz as h — 0.
Q Q

Then, by (7.2) and (7.3), using Proposition 2.6(3), we have that {u;} converges to u
strongly in W0 (Q).

Observe that, as in Theorem 1.1, we can conclude that the whole sequence {uy}
converges to u strongly in Wr()(Q). 0O

8. One-dimensional example. In this section, we give an example in one di-
mension. Our idea is to compare the CGFEM and the discontinuous Galerkin finite
element method (DGFEM). We will see in the following example that if the function
p attains values close to one, our method converges faster to the solution.

Let @ =(—-1,1),0<e,a < 1,and p: [-1,1] — [1,2] given by

@) gl +1+¢ if |z| < a,
plx) =
2 it o<zl <1

For this function p(x) and for a given B > 0, we study the following problem:

o) (/)P @)y =0 i (-1,1),
' u(l) = —u(-1) = B.

We begin by observing that since the operator is strictly monotone, we have a

1

unique solution of (8.1). Moreover, the solution satisfies |u/(z)| = C®@®=D for some
constant C' > 0. Therefore, [u/(x)| > max{C, C'/¢} and, using that u € C1*([-1,1]),
we have that u’ does not change sign. Then, since u(1) > u(—1) we obtain that
u'(x) > 0.

Thus,

(8.2) ulz)=Clzx+1)—B if —1<x< —a,
ulxz)=Cx—1)+B if a<xz<l,

Since p is even, we have that u is odd, so u(0) = 0. Therefore, u(z) = [; CreT ds
for all € [—a,al.
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On the other hand, since the derivative of u at zero has modulus C'/¢, if C' > 1
we have

lim |v/(0)] = 4o00.
e—0

This is reasonable since we expect to have a big derivative when p approaches the
value one.

From now on, we take ¢ = ¢ = .01 and since it is easier to get B from C, we
impose C' = 1.3. Then B = fol 1.37999% ds ~ 1.03 105. Observe that in this case,
|u/(0)] = 1.3190 ~ 2.4 x 1011

Now, we find the corresponding solution for the CGFEM and the DGFEM. In
both cases we take a uniform partition of [—1,1] in n subintervals with size 2/n
and k = 1. We use the trapezoidal numerical quadrature to compute the integrals
appearing in the discrete functionals. The analysis of these integration errors falls
beyond the scope of this paper.

Observe that for the continuous method, we impose the boundary conditions, and
then the space where we find minimizers has dimension n — 2. For the discontinuous
method, since we do not impose conditions on the boundary, and the number of nodal
basis are 2n — 2, we are minimizing in a space of this dimension. Therefore, to make
a comparison of the methods, we compare the discrete problem for the DGFEM in
n-intervals with the CGFEM in 2n-intervals.

We want to mention that in order to find minimizers of both discrete problems,
we use a BFGS quasi-Newton method (see [19, 25]).

In Figure 8.1, we plot the solution versus the approximation using DGFEM and
CGFEM for the case n = 41. The second panel in the figure is the graphic of the
function p(x).

Note that when we use the CGFEM the discrete solution is close to the function
y = x which is a solution of (8.1) with p = 2, which means that this method needs a
smaller step in order to see the points where p is close to one.
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In Figure 8.2 (first panel) we can see that the minimizers of the continuous meth-
ods are far from the solution even for n = 150 (300 intervals). We need n = 200 (400
intervals) to arrive at a good approximation of u (second panel of Figure 8.2).
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