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ABSTRACT. It is known that the classic Korn inequality is not valid for Holder o domains.
In this paper we prove a family of weaker inequalities for this kind of domains, replacing the
standard LP-norms by weighted norms where the weights are powers of the distance to the
boundary.

In order to obtain these results we prove first some weighted Poincaré inequalities and
then, generalizing an argument of Kondratiev and Oleinik, we show that weighted Korn
inequalities can be derived from them.

The Poincaré type inequalities proved here improve previously known results.

We show by means of examples that our results are optimal.

1. INTRODUCTION

The Korn inequality is a fundamental tool in the analysis of the linear elasticity equations
and has been the object of many papers since the works of Korn [14, 15].

Let @ C R", n > 2, be a bounded domain. For a displacement field u € W1P(Q)" we
denote with e(u) the linear part of the strain tensor, namely,

1 /0u; | Ouy
eij(u) = 2(8303- + 8@-)

The classic Korn inequality states that

IVullg2) < Clle(w)lr2(q)- (1.1)
To obtain this inequality appropriate conditions on the field v have to be imposed in
order to remove the non constant infinitesimal rigid motions (i.e., fields u such that the
right hand side vanishes while the left one does not). The two conditions considered by
Korn were u = 0 on 99 (usually called first case), and [,rotu = 0 (second case). These
two cases correspond to essential and natural boundary conditions for the elasticity equations
respectively. It is known that (1.1) can be derived in both cases (as well as in the more general
case corresponding to mixed type boundary conditions), by using compactness arguments,
from the following inequality (which we state in the more general case of LP, 1 < p < o0):

IVullr o) < Clllullr@) + lle(w) @)} (1.2)
for all u € WHP(Q)™.

After the works of Korn a lot of different arguments to prove the inequality in its different
forms have been developed by several authors, see for example [7, 8, 13, 17, 18, 5], the books
[2, 12] and their references, and the survey article [11].

For the first case it is known that the inequality (1.1) is valid for any domain (see for
example [12]). However, the situation is quite different in the second case or for the general
inequality (1.2). This inequality has been proved for bounded Lipschitz domains (see for

Key words and phrases. Korn inequality, Poincaré inequalities, Non-smooth domains.

2000Mathematics Subject Classification: 26D10.

Supported by ANPCyT under grant PICT 03-05009, by CONICET under grant PIP 0660/98, by Univer-
sidad de Buenos Aires under grant X052 and by Fundacién Antorchas. The second author is a member of
CONICET, Argentina.

1



2

example [12, 17]) and more recently for the more general class of bounded extension domains
of P. Jones [5]. On the other hand, it is known that (1.2) is not valid for an arbitrary bounded
domain. Indeed, counter-examples showing that the inequality does not hold true for domains
with external cusps has been given in [9, 19]. Also, in the old paper [7], Friedrichs gave a very
nice counter-example for an inequality for complex analytic functions which can be derived
from (1.1) in the second case.

In view of the counter-examples mentioned above it is natural to ask whether a weaker
inequality similar to (1.2) can be obtained for domains with external cusps. To give an answer
to this question we consider in this paper weighted norms where the weights are powers of the
distance to the boundary. We prove, for example, the following generalized Korn inequality:

Let Q be a Holder o domain (i.e., 9 is locally the graph of a Holder a function in an
appropriate coordinate system), 0 < o < 1, and, for = € Q, denote with d(x) the distance of
z to 0N then, for 1 < p < oo, there exists a constant C' which depends only on € and p such
that

1d" = Vul oy < C{lle(@)]l o) + lull o) } (1.3)
Observe that in particular, when €2 is a Lipschitz domain (i.e., a=1), we recover (1.2).

In fact we obtain a more general inequality where part or all the weight can be put on
the right hand side, see Theorem 3.1, but we present here this particular case to simplify
notation in the introduction. Also we show by an example that our result is optimal in the
sense that an analogous inequality with a lower power of d is not true.

Our proof of the generalized Korn inequality is based on the arguments introduced by
Kondratiev and Oleinik in [13] to prove the classic inequality. Indeed, by a generalization of
their method we show that weighted Korn inequalities can be derived from some appropriate
weighted Poincaré inequalities. For example, (1.3) is a consequence of

14~ Fll e (@) < ClldV fll e (1.4)
for functions f satisfying some vanishing weighted average condition.

As we will see, the arguments to derive Korn from Poincaré inequalities applies for arbitrary
bounded domains. Therefore, our problem is reduced to obtain weighted Poincaré inequalities
for Holder o domains. Estimates of this kind were obtained in [1] by using results on weighted
Sobolev spaces given in the book [16]. However, the Poincaré estimates obtained in this way
are not optimal. Indeed, using Theorem 19.7 of [16, page 272] and reproducing the arguments
of [1], one can only obtain an estimate like (1.4) but with a power of the distance on the left
hand side higher than 1—a«. So, in order to obtain the optimal weighted Poincaré inequalities
needed for our purposes, we generalize the “conning argument” introduced in [3] which allows
one to obtain new Poincaré inequalities from known ones in higher dimensions.

The rest of the paper is organized as follows: Section 2 deals with the weighted Poincaré
inequalities. Although, as mentioned above, our motivation for these estimates are the gener-
alized Korn inequalities, we believe that they are of interest in themselves, in particular they
improve previously known results and moreover they are optimal. In Section 3, we derive
the weighted Korn inequalities, we show that they are optimal and finally, we show how the
results on compactness given in [19] can be derived from our inequalities by using imbedding
theorems for weighted Sobolev spaces proved in [16].

2. WEIGHTED POINCARE INEQUALITIES

In this section we prove some weighted Poincaré inequalities for Holder o domains. Our
proof is based on the arguments introduced in [3].

We begin by recalling an equivalent characterization of Holder o domains. Given a such
that 0 < a <1 wesety=1/a.
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Definition 2.1. A set C C R™ is an a-cusp, if there exist an h > 0 and some neighborhood
of the origin S¢ C R™~! such that, in some orthogonal coordinate system (x1,--- ,Tm),

C={( on) € R™ I xR:0< 2, < h,z, 72’ € Sc}
In some cases, we will work also with an analogous definition but choosing another variable

x; 1n place of Tp,.

Remark 2.1. It can be seen that a bounded open set A C R™ is a Holder o domain if and
only if for any xo € OA there exists a neighborhood U of xg such that x + C C A for all
x € UNA. For the Lipschitz case (i. e. o= 1) this is proved for example in [10]. It is not
difficult to see that similar arguments apply for 0 < a < 1.

Given a subset A C R™ and = € R™ we denote with d4(z) the distance from z to the
boundary of A.
For ACR™ ke N, and 0 <t <1 we introduce as in [3],

AP = {(z,y) € AxR": |y| < da(2)'}
For simplicity we assume that our domain 2 has diameter less than one (we can scale the
original domain in order to satisfy this requirement).

Lemma 2.1. If (z,y) € QP! then dar.(z,y) < do(z).

Proof. Given y € RF, let Q, = {(z,y) € R* x RF : z € Q}. If t = 0 we have, for all
(z,y) € QFO

do(x) = do,(z,y) > doro(z,y).
On the other hand, since the diameter of € is less than one, we have that for 0 <¢ <1,

Qk,t C Qk,O
and therefore, for (z,y) € QF?,

ko,t (':L‘a y) < dQ"WO ('Ia y) < dQ(-’Z‘)
(since dgro is a cilynder of section dq(x)) as we wanted to prove. O

The next lemma allows us to apply for Holder o domains the ideas introduced in [3].
Since the proof is rather technical, we give all the details only for the two dimensional case.
However, it is not difficult to see that the arguments can be extended to higher dimensions.

Lemma 2.2. If Q C R” is a Hélder o domain then Q%' C R™* is also Hélder o

Proof. We need to construct for any point of 9Q%* a neighborhood and an a-cusp in such a
way that the translations quoted in Remark 2.1 are contained in Q%!. In order to do that we
will decompose 90! in two parts: a middle one, consisting in a thin strip containing the set
(092,0) := {(2,0) : € 9N} C 9QF* and its complement. We divide the proof in three steps,
the first two steps deal with the middle part of the boundary. In the last step we prove that
the complement of the middle part is in fact smoother, showing that it is locally the graph
of a Lipchitz function.

1) Let zp € 09. Since € is Holder « there exists a neighborhood U C R™ of zp and an
a-cusp C such that £+ C C Q for all z € UNC). The aim of this part is to prove the following

Claim 1: There exists an a-cusp D C R"* such that (x,0) + D C Q5 for allz € UN Q.
If

C={( z,) ER"I xR:0<z, <hz,"2 € Sc},
we define



h
D={(z,zp,2") eR"IxRxRF:0<x, < g,x:’(x',:r”) € Sp}

where

h h
Sp={(z/,2") e """ xR¥: 2’ € S¢, [2"| < dtc((g)"’x’a 3k

Observe that it is enough to show

D c C*, (2.5)
indeed, this inclusion gives
t+DCx+CP = (z+ )P c okt

as it is stated in Claim 1.
In order to show (2.5), let us consider (2’,a,z”) € D. Then, by definition, 0 < a < % and
a V(2',2") € Sp, so a” V2’ € S¢ and hence

(2',a) € C. (2.6)
On the other hand, from the definitions of D and Sp, we know that |[a~72"| < dtc((%)“ya*”x’, %),

that is |z < a¥dL((2)Ya™72/, %), and then we have to prove

a’d PN g B < di(2',a) 2.7
C 3 ax,g_cx,a. (2.7)

Observe that it is enough to consider the case t = 1, since a < h < 1. To simplify notation, we
prove this inequality for n = 2 (as mentioned above, similar arguments apply in the general
case). Then we can assume that Sc = [—b,b] (b > 0) and zg is the origin. Let

h\” h
f(z1) =ade <<3> a 11, 3> —do(x1,a), 0<z <bd.

The function d¢ is differentiable in C' — {z; = 0} and so f is differentiable in {x; # 0}. We

have
oy = (1Y e (1Y Y 0de
f(x1)<3) o, \\3) @ g ) g Ena)

Now, let (n,€) € C with 0 < € < h (and then 0 < 5 < b&?) and let 0 < 3 < 5 be the acute
angle between the axis x1 and the line L passing through (7, &) which is orthogonal to the
graph of xo = b~ %z{ (see Figure 1).
Since 0 < ¢ < %, the distance d¢(n, §) is realized along the line L, and hence
ad
c_ 4 dde _0

oL oL+
where 0L is understood as the outward direction along L and L+ stands for the orthogonal
line to L. It follows

ddc
8331

If 3, and (s are the acute angles corresponding to the points (x1,a) and ((%)'Ya*'V:rl, %)
3

= —cosB.

respectively, it is easy to see that B h > Ba and then
3

A . .
fl(xy) = — <3> Cosﬁ% +cosfB, >0
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since % < 1. Besides f(ba?) = 0, and then f(z1) < 0 for 0 < 21 < ba?, so inequality (2.7)
holds for all (z1,a) € C. Hence (2.5) is true and the first step is proved.

2) Now we prove the following

Claim 2: Given xo € O there exists a neighborhood V. C R"™* of (20,0) and a a-cusp D
such that (x,y) + D C Q8 for all (z,y) € V N QP

Given zg € 9Q let U and C be as in the previous step and define V.= U x R* . For
0 < t < 1 we can modify, if necessary, U and C' in such a way that

1 1
diam (U) < §ti and diam (C*1) < §tﬁ (2.8)

By step 1 we know that C*! contains an a-cusp D, hence, in order to prove Claim 2 we will
show that

(v, w) + CPL c okt (2.9)
for all (v,w) € VN QFt. For such a (v,w) let (z,9) € (v,w) + C*! with v, — z,, <
y=w+g. Then || < dy+c(x), and therefore |y| = |y + w| verifies

|yl < do(v) + dvo(@) < (da(v) + doro(2))". (2.10)

In the case 0 < ¢t < 1 the last inequality follows from the conditions (2.8). Let & € 99
such that do(x) = dist (x,%) (see Figure 2) and let & = z& N dC. Finally, let ¥ such that
|v — 9] = dq(v) and 2T is parallel to vo. Then, it follows that

wls

and

do(z) =z —Z| =z — 2|+ |2 — Z| > dyyc(x) + |[v — 0| = dpyo(x) + da(v). (2.11)

From (2.10) and (2.11) we have |y| < dg(z)! and then (2.9) holds.

3) By step 2, for each 2 € 99 there exists a neighborhood U, C R"™* of (x,0) such that
00kt MU, is the graph of a Holder o function. We have that (99, 0) C UzeanU, and then we
can extract {x;}I_; such that (0€,0) C U]_,U,,. On the other hand there exists € > 0 such

that {(z,y) € Q%! : do(x) < 2¢} C Ul_,Uy,. In order to conclude the proof of the Lemma we
will show

Claim 3: The set {(x,y) € O0%! : do(x) > €} is locally the graph of a Lipschitz function.



FIGURE 2

Let (z,y) € 0P with do(z) > e. Since y? + ...+ y? = d(z)* we can suppose that
T 2t
w1, k-1l < do(z) and y? > 920~ Theny?+.. .+y7_; = da(x)*—y} < (1-1)da(z)>.
Define
d 1
D={me)er xm o < B g hg < (1 ) dalw).

Thus, D € R x R¥~1 is a neighborhood of (z,%'), where y = (¢/,yx). Then we consider the
function f: D — R defined by

& =f(n.€)=\Jdn? &~ ...~ & .

It can be seen that, f is a Llpschltz function. Indeed, in view of

daln ~ €7 > o dn)? > o<

for all (n,¢') € D, if Ay is such that |\/a — vb| < Aj]a — b| when a,b > &%, we have
F(1.€) = o, ) = Vda(n)? — [¢€'2 = V/da(a)? — |52
< A [(da(m)® —[€'°) = (da(a)* — |57
= A1 [(da(m)?* — da(a)™) + (167 ~ 1€')]

and now, if A is such that |a?* — b*| < Agla —b| for all a,b > 5 and |a? — b?| < As|a — b| for
all a,b < diam 2, we get, recalling that dq is Lipschitz with constant 1,

fm,€) = f(e, B) < AAs (|da(n) — da(e)] + |18 = I€]])
A(ln—al+168" =€)

with A = A1As, as we wanted to prove. O

<
<

We can now prove the weighted Poincaré inequalities for Holder o« domains. Our results
generalize the inequality obtained in [1] which corresponds to the case # = 1 in the next
theorem. To simplify notation we drop the subindex from the distance when the domain is
Q and write d = dq.

Theorem 2.1. Let Q be a Hélder o domain, B a ball contained in Q, and ¢ € C*°(Q) such
that supp ¢ C B and [ ¢dx #0. If f € WIP(Q) satisfies [ f¢dz =0 then

14" oy < Cla*= 1V [l
fora<p<1



Proof. Let wy = dist (supp ¢,99Q)* and

Y QY SR () = (@) p(y)
where p € C™[~wy,wp] with supp p CC (—wp,wp) and [ p # 0. Then ¢ € C®°(QF!) and

Jv#0.
Consider the function F' : Q%* — R defined by F(x,y) = f(x). Then we have

/Qk’t Fip = /Bf(x)¢(x)dm {/_ioo p(t)dt}k _o

By Lemma 2.2 we know that Q%' is Holder o and then, from the generalized Poincaré
inequality proved in [1], it follows that there exists a constant C' which depends only on Qkt
such that

[ F Nl Lo orty < Clldgr: V| Lo (o)
But,

th
”F||1£p(ﬂk,t) = Ck /Q f(x)pd(x)tk = CkHdp f“z]ip(Q)
and, using Lemma 2.1, if 1 < i <n,

. OF|P

0 0
Qk,t% f ( )tk;—i—pa: Hd +Oé f

LP(Q) 0z

tk th
Id> fllzo) < Clld? “*V oo

while if 1 <4 < k,

. OF

— =0.
8 dy;

Lr(Q)

Therefore, we obtain

The proof concludes by choosing for example k = [p(1 — 8)] + 1 and t = [pg’ G ﬁll O
The following example shows that an estimate of the form
17 fll e () < CIV f || oo (2.12)

is not valid if 6 — B > «. Therefore, the result obtained in the previous theorem is optimal.
Given 0 < a < 1 we call v = 1/a. Let  be the a-cusp defined by

Q={(z1,72): 0 <21 <1,—2] <ma <2}
Consider the function

f(x1,20) =27" — k
for some v > 0 to be chosen below and a constant k such that [, f¢ = 0 for some ¢ satisfying
the hypotheses of Theorem 2.1.
We can easily check that the function d(xy,z2) verifies

d(z1,x3) ~ x] — |z2]
Then, for any 8 > 0 and § > 0 we have

1 s +1_, 1 spit
/|f|pdﬁp / B Pdxy and /|Vf|Pd5p / == +1)pd:131

Then, if § — 8 > «, we can choose v such that




g1 1 s 1 1
St —ti<v<—+—+=-1
a  pa p a pa p

and therefore, for such v we have

/|f|pdﬁp:oo and /Vf|pd5p<oo.
Q Q

So, it follows that inequality (2.12) can not be true.

3. WEIGHTED KORN INEQUALITIES

In this section we prove the weighted Korn inequalities for Hélder a domains. With this
goal we generalize the method introduced in [13] to prove the classic Korn inequality in the
Lipschitz case. In this way we show that weighted Korn inequalities can be derived from some
appropriate weighted Poincaré inequalities. It is important to remark that no assumption on
the domain €2, other than that it is bounded, is needed for this derivation.

The following lemma was proved in [4]. Since the proof is short we reproduce it here for
the sake of completeness. Note that no restriction on the domain is needed for this proof.
For the particular case p = 2 and p = 0 a different argument was given in [13]. As in the
previous section d(z) denotes the distance from z to the boundary of .

Lemma 3.1. Let Q2 C R" be an arbitrary bounded domain and 1 < p < oo. If f is a harmonic

function in Q then

1" fll oy < Clld™ fll o)
for all p € R.

Proof. Given = € Q, let B(x, R) C € be the ball with center at x and radius R. Since f is
harmonic in it satisfies the following inequality (see for example [6]),

p ¢ p
VI < g [ Py

Now, given x € €2, let us take R = d(x)/2 in this inequality. Then we have

/|Vf($)|pd($)p(1_“)dx§ C/ d(a)™m (/ |f(y)|pdy> dx
Q Q B(z,d(z)/2)

But, since |d(z) — d(y)| < |z — y|, we have that @ < d(y) < 3d(x) whenever |z —y| < @.

Therefore, we can change the order of integration and replace d(x) by d(y) to obtain

2IPd(2)P = dx P(y)"P 2z Pd(vy) P
/Q V1 () Pd(z)P 0P dz < © /Q F)Pd(y) ( /B o )dygc /Q Fw)Pd(y) P dy

concluding the proof. O

We can now prove the weighted Korn inequalities. We will use the following notations: for

a vector function u = (u;), Au is the vector with components Au; and, for a tensor o = (0y5),
n  Ooij
j=1 z;

Div o is the vector with components . In the proof we will make use of the following

well known identity

O*v;  Oeip(v) N deij(v)  Oeji(v)

= 1
8l‘ja$k 8xj aZL'k 8:@ (3 3)
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Theorem 3.1. Let 2 be a Holder o domain and 1 < p < oo. Then, for a < 3 < 1 the

following inequality holds,

14"Vl oy < € {1 e (w) | oy + lellzogen
where the constant C depends only on ) and p.

Proof. Following [13] we can show that there exists v € WP(Q)" such that

Av = Au in Q

and

[vllwre@) < Clle(w)l e
Indeed, define

Fo 2e(u) — (tre(u))! in Q
0 outside (2,

(3.14)

(3.15)

(3.16)

Then, it is easy to check that DivF = Awu in Q and so, one can obtain v by solving a
Poisson equation in a smooth domain, for example a ball By, containing 2. In fact, since

Div F € W~YP(B;)", there exists v € Wol’p(Bl)" such that

Av =DivF

and (3.16) is satisfied in view of known a priori estimates for smooth domains.
Now, let B be a ball contained in Q and ¢ € C§°(B) be such that [5¢dr = 1.

i =1, -+ ,n define the linear functions L; as

(/v —vzqﬁdx)-

and L(x) as the vector with components L;(
Then we have

VL = / V(u—v)pdx
B
and so, integrating by parts, we obtain

IVL| < [lu—v[[Lo@) VOl La(e)

For

where ¢ is the dual exponent of p. Therefore, it follows from (3.16) that there exists a constant

C depending only on €, p and ¢ such that

IVLI| o) < C{lle(u)llr) + llull ey}
Let us now introduce

w=u—v—L

(3.17)

Then, in view of the bounds (3.16) and (3.17), to conclude the proof we have to estimate w.

But, from (3.15) and the fact that L is linear we know that

Awi =0
and consequently
Aé‘ij (w) =0

therefore, we can apply Lemma 3.1 to obtain



a7 Veij(w) o) < Clld i (w) || (o)
and using (3.13),

ld" " D*w| oy < Clld™"e(w)]|Lo(q)

10

(3.18)

where D? denote the tensor of second derivatives. Now, since fQ Vwedr = 0 (indeed, we

have defined L in order to have this property), it follows from Theorem 2.1 that

1PV w| 1oy < Cld* T D?w| s (q)
and therefore, using (3.18) with v = 3 — « we obtain

|d* PVl ooy < C|ld*Pe(w)| o)
which together with (3.16) and (3.17) concludes the proof.

O

The following example, based on that given by Weck in [19], shows that the result of the

previous theorem is optimal.
Let x € C*°(R) non negative and such that supp(y) C [1,2]. Consider the field

u(z) = x (77 a3) (29, —21,0).
If we set ¢;; = €;;(u) we have

1 T9 for : = 3,5 = 1 or vice versa,
gij(z) = EX/(T_l.%'gg) —x1 fori=3,7 =2 or vice versa,
0 otherwise.

Let a € (0,1) and v = é and take Q as the a-cusp defined by

Q={zcR*:0< a3 < 1,237 |(x1,22)] < 1}.

Then, one can check that

3
Do luil? = x(r )P (Ja [P + [aaf?)
=1

3
> ley(@)l = X ()l + faaP)

ij=1 7
6“1 o —1
Ory X(77 3)
d(x) ~z3 — /23 + 23
and then it follows that (see [19] for details)
p o 24 Se(u) [P o 7L-PHA 24P 4D) g0u|l” | aprorn
Julf ~ P e}~ 7 N e e
21lp

Therefore, letting 7 — 0, we conclude that an inequality like

14Vl oy < C {llde() o) + lulliro }
does not hold for Holder o domains if 6 < 1and § — 38 > a — 1.
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Remark 3.1. Given 1 < p < oo, let V() = {u € LP(Q)" : e(u) € LP(Q)"*"}. An
important consequence of the classic Korn inequality for Lipschitz domains is the compactness
of the inclusion of V,, C LP(Q)", which follows from the well known Rellich-Kondrachov
theorem for Sobolev spaces. For Hélder a domains, although the Korn inequality is not valid
and consequently V,(Q) # WHP(Q)", the compactness of the inclusion V,(Q) C LP(Q)" was
proved in [19] for p = 2 under the restriction 1/2 < a.

Our weighted Korn inequality provides a different proof of the result of Weck. Indeed, (1.3)

shows that the space V() is contained in a weighted Sobolev space. Therefore, combining our
estimate (1.3) with known compactness results for weighted Sobolev spaces (see Theorem 19.11
in [16, page 275]), it follows immediately the compactness of the inclusion V,(2) C LP(Q2)"
when Q is a Holder o domain with 1/2 < a.
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mental for our work, and P. Secchi who brought to our attention reference [19] which in part
motivated this research. We also thank C. D’Andrea, J. Fernandez Bonder and N. Wolanski
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