FINITE ELEMENT APPROXIMATIONS IN A NON-LIPSCHITZ DOMAIN
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ABSTRACT. In this paper we analyze the approximation by standard piecewise linear finite
elements of a non homogeneous Neumann problem in a cuspidal domain.

Since the domain is not Lipschitz, many of the results on Sobolev spaces which are funda-
mental in the usual error analysis do not apply. Therefore, we need to work with weighted
Sobolev spaces and to develop some new theorems on traces and extensions.

We show that, in the domain considered here, suboptimal order can be obtained with quasi-
uniform meshes even when the exact solution is in H?, and we prove that the optimal order
with respect to the number of nodes can be recovered by using appropriate graded meshes.

1. INTRODUCTION

The finite element method has been widely analyzed in its different forms for all kind of
partial differential equations. However, as far as we know, all analyses are restricted to the case
of polygonal or smooth domains and no results have been obtained for the case in which the
domain is non Lipschitz, with the exception of the well known fracture problems.

The goal of this paper is to start the analysis of finite element approximations in non-Lipschitz
domains. As a first step in this direction we consider a model problem in a plane domain with
an external cusp.

Several difficulties arise in this problem because many of the results on Sobolev spaces, which
are fundamental in the analysis of partial differential equations in variational form, do not
apply. For example, the standard trace theorems do not hold in this case and this fact makes
the analysis of non homogeneous Neumann problems harder.

Given a > 1, let  C R? be the domain defined by

Q={(z,y):0<z<1,0<y <z},
and I' =11 UT's UT's its boundary, with
I'={0<2z<1,y=0}, To={z=1,0<y<1} and T3={0<z<1,y=2*

(see Figure 1).

Some of our arguments require that @ < 3 and so our main result will be valid under this
restriction.

Our model problem is
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FiGUure 1. Cuspidal domain

(—Au=f, in
gu:g, on I's
v (1.1)
@—O onI'
o !
u=0, only

where v denotes the outside normal.

A natural way to approximate the solution of problem (1.1) is to replace © by a polygonal
domain and to use the standard linear finite element method. It is known that, under appropriate
conditions on the data, the solution of this problem is in H?(f2) (see [1]). Therefore, based on
the experience and theory for smooth domains, one would expect that the optimal order of
convergence could be obtained by using quasi-uniform meshes. However, numerical examples
show that this is not the case (see Section 2). The reason for this behavior seems to be the fact
that the solution can not be extended to an H? function on the polygonal domain approximating
the original domain. Indeed, it is known that the standard extension theorems in Sobolev spaces
do not apply for our domain (see for example [12]).

We will show that the optimal order with respect to the number of nodes in the H! norm
can be recovered by using appropriate graded meshes. To obtain this result, we will first prove
an extension theorem for the domain €2 which shows that the solution of problem (1.1) can be
extended to a function in a weighted H? space, the weight being a power of the distance to the
cuspidal point.

The rest of the paper is organized as follows. In Section 2 we introduce the finite element
approximation of our problem and show that the use of quasi-uniform meshes can give bad
results. Section 3 deals with some extension and trace theorems in weighted Sobolev spaces that
we need for our error analysis. Finally, in Section 4 we prove that optimal order approximations
are obtained by using appropriate graded meshes.

2. FINITE ELEMENT APPROXIMATIONS

In this section we introduce the finite element approximation of our model problem and show
that, if the meshes are quasi-uniform, the approximation may be of suboptimal order even when
the exact solution is in H%(Q).

Introducing the space

V ={ve H(Q) : v|r, = 0},
the weak form of Problem (1.1) is to find u € V' such that



FINITE ELEMENT APPROXIMATIONS IN A NON-LIPSCHITZ DOMAIN 3

/Vu~Vv:/fv+/ gu YveV. (2.1)
Q Q Is

The following existence and regularity results have been proved in [1]: Define z(t) := g(¢,t%).
If f € L?(Q) and zt~2 € L?(0,1) this problem has a unique solution. If in addition we assume
that z't'=2 € L?(0,1), the solution is in H?(Q) and there exists a constant C' such that

ull 2 () < C{HfHL?(Q) + 12t 2 | 200y + |12/ tl_%HLQ(O,l)} : (2.2)

To approximate the solution of (1.1) we replace © by a polygonal domain 2, and use the
standard linear finite element method. We will construct €2, in such a way that Q C €, and the
nodes on I'y, the boundary of €2, are also on I'.

Let {71} be a family of triangulations of €}, satisfying the maximum angle condition. Asso-
ciated with {75} we have the finite element space

Vi, ={ve H' (Q) : v|r, =0and v|, € P; VT € Tp,}

where P; denotes the space of linear polynomials.

Denote with I's ;, the part of I'j, approximating I's and with Ij, the piecewise linear interpo-
lation at the endpoints of the segments which lie on I'3 j,.

Then, our discrete problem is to find up € V3 such that

Vuy - Vo = / fo +/ In(gv) Yv € V. (2.3)
Qh Q F3,h

Observe that the discrete problem corresponds to a boundary problem on € if we consider
f as being extended by zero outside ).

One could think that, when the solution is in H?(f2), the numerical approximation obtained
with quasi-uniform meshes would be of optimal order. However, the following example shows
that this is not the case.

Example 2.1. Consider
flzyy) =s(s—1)(1+ y2/2)avs_2 +z° -1

and
—sat®T5T2(1 4+ 129 /2) + (1 — t5)t™
1+ a22(e=1) '

2(t) = g(t,1%) =
Then, the solution of (1.1) is

u(z,y) = (1-2°)(1+y°/2)

and an easy calculation shows that u € H?(Q)) whenever s > 3_70‘
We take o = 2, % < s < 1 and solve Problem (2.3) by using quasi-uniform meshes. The
numerical results are presented in Table 1.

The reason for this behavior seems to be the fact that the solution can not be extended to an
H? function on €. Indeed, it is well known that the standard extension theorems in Sobolev
spaces do not apply for our domain (see for example [12]).
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value of s (¢ = 2) | in number of nodes in h
0.55 0.35251875520376 | 0.67178134623590
0.6 0.38975451668143 | 0.74274009553459
0.65 0.42721035098256 | 0.81411822909419
0.7 0.46467723338678 | 0.88551741659622
0.75 0.50173913962734 | 0.95614485669926
0.8 0.53758303749553 | 1.02445118539463
0.85 0.57069966903139 | 1.08756026820953
0.9 0.59856739468917 | 1.14066671427110
0.95 0.61772738036031 | 1.17717915730572

TABLE 1. H! order using quasi-uniform meshes

3. EXTENSION AND TRACE THEOREMS

The standard results on extensions and restrictions in Sobolev spaces do not apply for domains
with external cusps. In this section we prove some weaker results using weighted norms.

First, we develop an extension theorem in a weighted Sobolev space for H?(£2) functions with
vanishing normal derivative on I';. In particular, our theorem applies to solutions of (1.1) which,
in view of (2.2), are in H?(Q2) under appropriate assumptions on the data.

Second, we prove a trace theorem for functions in H'(£2) which will be useful to estimate the
error due to the approximation of the non homogeneous Neumann type boundary condition.

Given a domain D C R? we introduce the weighted Sobolev space

H%*(D) = {v T D € L*(D) for any |y| < 2}
where r = y/x2 + y2, and its natural norm
2
ol = Y =Ir"2 D’YUHLQ(D
[v]<2
Our argument proceeds in two steps. First, we extend the given function to the Lipschitz domain
D:={(z,y) eR?: —z<y<a2®, 0<z<lh

(see Figure 2) in such a way that the extension belongs to H2(D). Then, we apply known
theorems for weighted Sobolev spaces on Lipschitz domains to obtain an extension which belongs
to H2(R?).
We call W the subspace of H?({2) defined by
ou

W ={uc H*Q): 3——0 on TI'i}

Lemma 3.1. Given u € W there exists a function @ € H2(D) such that ii|q = u and
@l 2Dy < Cllull i)

Proof. We extend u by a reflection in the following way. Given (z,y) € D with y < 0, let
n = —2%ty € Q. Observe that (z,n) €  and therefore we can define

w(z,y) = u(z,y), for (r,y) e
u(z,y) =u(z,n), for (z,y)eD\Q
To simplify notation define Ty, := D\

KD\
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FIGURE 2

We claim that @ € H2(TL). Observe first that for (z,y) € Ty, we have x ~ r and therefore we
can replace the weight r*~! by 2! in our estimates.
By a change of variables we obtain

| gyt tdndy = [ oenpdedn =l
T Q
Now, for (x,y) € T, we have

611 . au 8u a—9
%(%y)—a(%n)—;ﬁ@,n)(a—lﬂ y

and

(e

Then, recalling that n = —z® 1y, we obtain

9u\’ ., ou\? ou\? /12
e a— < - -~ i
/TL (81') T dar:dy_C{/Q (ax) dmdn%—/ﬂ (977> (m) dxdn

but, since (z,7) € Q, we have I < x> 1 <1 and then

ou\* ,_
/TL (8.7)) z tdady < C||Vu”%2(m.

Analogously we get

ou\? .,
— ) 2% ldady < C||Vul? .
[ (%) y < ClIVullfa

Bounds for the second derivatives of % follow similarly. For instance, we have

0% 0% 0%u 2
0%u e ou o
- 6772(96,?7)(04 — 1)222072y? — 877(36,?7)(04 —2)(a— 1)z ’y

hence,
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02\ 1 02u\> 2u \> n\ 2
Z - a— < Z - A
/TL (6902) ¥ dedy < C{/Q <8x2> dxdn+/g)<8n8x> <x) dxdn
02u\ 2 n\4 ou\? 7\ 2

Now, the first three terms on the right hand side can be bounded using again that < 1. For
the last term we have

L) o [ [ (8 powrcc [ [ (25 o

where the last 1nequahty follows from the Hardy inequality [10] and the fact that a“ (x 0) =0.

¥\ . 2112
/T (5‘332) 2 dady < C||Dul|72(q)-
L

In a similar way we can show that

827]’ 2 -1 2 112
A (5 ) = dady < D%l

P\ . 2,112
/T (Gyz> 2" dxdy < C||D%ull72(q)-
L

Therefore, we have proved that @ € H2(Ty) and that

Hence,

and

@l 2 (1) < Cllull o)

On the other hand, using that % =0 on I'y, it is easy to see that @ € H2(D), thus concluding
the proof. O

Now, using known extension theorems for weighted Sobolev spaces on Lipschitz domains due
to Chua [6], we can extend functions in W to H2(R?).

Theorem 3.1. If « < 3 and u € W, there exists a function @ € H2(R?) such that i|q = u, and
]| 2 (m2) < Cllull g2)-
Proof. In view of Lemma 3.1 we only have to show that for v € H2(D) there exists an extension
¥ € H2(R?) such that
191 2 (r2) < Cllvll 2 (D)-

But this follows immediately from the results in [6] because, for 1 < o < 3, our weight belongs
to the class considered in that paper (the Muckenhoupt class As) [7, page 145]. O

In the rest of this section we prove a trace theorem for functions in H(Q2). In [1] it was
proved that

lull 2y < Cllua™ || 2@ + [Vuz? | g2 ()- (3.1)
Our trace theorem is a consequence of this result and the known imbedding theorem
2 1
HY Q) CL'(Q) for 2<r< (“*l) (3.2)
a J—

which is a particular case of the results given in [2].
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Theorem 3.2. Let u € H(Q),
(1) If « < 2 then w € L*(T) and ||ul| 2y < Cllull g (o
(2) If a > 2 then zPu € L*(T) and ||:Bﬂu||L2(p) < Cllullgry , V8 > a/2 - 1.

Proof. Part (1) was proved in [1]. Therefore, we will only prove here (2).
Using (3.1) for the function 2%u we have

2%l g2y < C(llz%uz™% |20y + IV (@ w)2? || 2(0)-

It is easy to see that the second term on the right hand side is bounded by ||ul| g1 () because
a>2and > «/2— 1. Then, it is enough to show that

2Puz™2 || p2) < llulli(o)- (3.3)
Using the Holder inequality we have

[ < (i ([

Choosing ¢ = r/2 with r = 2(aw 4+ 1) /(v — 1) and using the imbedding theorem (3.2) we obtain

q—1
_o — _9_\ "2¢q
Hxﬁux 2||L2(Q) < </Qx(25 )q71> 2q HuHHl(Q)

/x(%_a)qzl = / 220 < o0
Q Q

because § > /2 — 1 and therefore (3.3) holds. O

But

4. OPTIMAL APPROXIMATIONS USING GRADED MESHES

In this section we obtain error estimates in H! of quasi-optimal order (i.e., optimal up to a
logarithmic factor) with respect to the number of nodes by using appropriate graded meshes.

Finite element methods using graded meshes of the type considered here have been analyzed
for problems with corner type singularities in [3, 4, 9]. In [4, 9] the error estimates were obtained
under the classic regularity condition on the meshes (the minimum angle condition). This
hypothesis has been relaxed in [3], where the author obtained error estimates under the maximum
angle condition. This generalization is very important for our problem because we can not avoid
small angles in those elements which are near the cusp.

Consider 1 < a < 3 and define v = (o — 1)/2. Let §2; be an approximating polygon and 7j,
a triangulation of it, where h > 0 is a parameter that goes to 0. For each T' € 7;, we denote by
hr its diameter and by Or its maximum angle. We assume that there exist positive constants o
and B < m, independent of h, such that

(1) Br < B, VT € T, (the mazimal angle condition).
1

(2) hy ~ o hi=, if (0,0) € T.

(3) hy <o hinfra?, if (0,0) ¢ T

Since we know that the solution of our problem has an extension @ € H2(£,), we are interested
in interpolation error estimates for functions in this space. We call Ilv € V}, the piecewise linear
Lagrange interpolation of v.

Theorem 4.1. If v € H2(Q) and the family of triangulations satisfies conditions (1), (2) and
(3), there exists a constant C depending only on 3, o and « such that

v —ovllg1(q,) < Chllvllgz@,)-
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Proof. Tt follows as in [9, page 392] but using the error estimates obtained by Apel under the
maximum angle condition (see Theorem 6.9 in [3, page 40]). O

Now we introduce some notation which will be used in the rest of this section. We denote by
Féh, 1< ] < n the edges on the boundary of €, by (:rj,173:?‘71) and (ZL‘J’,SL'?) their endpoints
and by I'} the part on I's with the same endpoints. Let €] be the region bounded by I'} and
F%’ b

In addition to the assumptions (1), (2) and (3) we will need for our error analysis the following
hypothesis on the meshes:

(H) For 1 < j < n the region QiL is contained in only one triangle.

We denote by T; the triangle containing Q{L and by h; its diameter (see Figure 3).
It can be seen from our hypotheses that there exists a constant C, independent of h, such
that, for 2 < j <n,
a:j § C.CCj_l. (4.1)
In fact, from (H) we have z; —z,;_1 <C ]Fg,) ,| for some constant C' depending only on a. Then,
xj —xj—1 < Chj, and therefore from assumption (3) we have

Tj < Tj—1 (1 + Chw]:ll)

and, since j > 2, x;_1 > x1 ~ h'/(177) by assumption (2), we obtain (4.1).
We will show below that meshes satisfying all our assumptions can indeed be constructed.

FIGURE 3

The next lemma deals with the error arising from the approximation of the domain by polyg-
onal domains. We will work with an extension @ of the solution w of (1.1). Since u € W we
know from Theorem 3.1 that there exists % € H2(R?) such that g = u and

]| 2 (m2) < Cllullg2)- (4.2)

We will make use of the well known imbedding H'(D) C LP(D) for planar Lipschitz domains
and 1 < p < oo, and of the explicit dependence on p of the constant in the continuity of this
inclusion (see for example [8]), namely,

lvllr(py < CvP vl (D)- (4.3)
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Lemma 4.1. If 1 < a < 3, then there exists a constant C, which depends only on «, B and o,
such that

IV p2,\0) < Chy/log(1/h) ||ull g2(q)-

Proof. Clearly, for every h, the polygonal domain €2, is contained in the triangle

Ty={0<z<1,0<y<z}

/Mp:/ lu[PaP(“T ) P(*3)
Ty Ty

and applying the Holder inequality with 2/p and its dual exponent we obtain

(see Figure 2). Writing

lollzogryy < Cllow™ 2y
for any function v and 1 <p < %H. Therefore, using (4.2) we conclude that @ € W2P(Ty) and
that
@]l w2r 1) < Cllull g2 (4.4)
As a consequence, we obtain that, for 3 > O‘T_l, Viaz® € HY(Ty) and

Va2 || g r,y < Cllullgza)- (4.5)

Indeed, since & € H2(R?), we already know that Vi 2P € L?(Ty) and so, we only have to see
that the first derivatives of Vi 2® belong to L?(Ty). But, taking the derivative of Viiz”? and
using again that @ € H2(R?), we see that it only remains to prove that Vaz’~1 € L?(Ty).
Now, from (4.4) and a well known Sobolev imbedding theorem we obtain that Vi € LP" (Ty)
2p

4 *
for1<p< a7 and p* = 55> moreover,

IVl o (1) < Cllull (-

Therefore, applying the Holder inequality with p*/2 and its dual exponent ¢ we have
VPO < [0 g D
U

but, since 8 > 21, it is possible to choose p < O%rl such that ||$2(5_1)HL«1(TU) is finite, thus
concluding the proof of (4.5).

Now, let 6 > O‘T_l and 2 < p < oo to be chosen below. Applying the Holder inequality for p/2
and its dual exponent ¢ we have

1

2 1
/ Vil < ( / |va\pxﬂp)P( / x—wq)q, (4.6)
Qp\Q Qp\Q Q\Q

and therefore, from the Sobolev imbedding (4.3) and (4.5) we obtain

C 1
Val? < ul|? / p20a) 4.7
L 17 S g e () (4.7)

for ¢ — 1. Then, we have to estimate

N
—2Bq _ / —20q (4.8)
T T . .
/Qh\Q ; Q)
-1

Since v = %5+ and 1 < a < 3 we can choose 3 and ¢ > 1 such that

v < [ < min{2v,1} and Bq < min{2~, 1}.
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Let us estimate each term in the right hand side of (4.8). Since Q} C T} we have

/ xZﬁqS/ 2 2Ba
Q T1

1
Hence, using now that hy < o h1-7, we obtain

1
h

9+1-0q

/ x—26q < Ch?(’YJrl*ﬁ(I) < Ch* 1
T

/ x 201 < Op?
T1

and therefore

because g0 < 2.
On the other hand, we have

-2 -2 j
[ e el
j>17 5% i>1
but, by using the well known error formula for the trapezoidal rule we obtain

i 3 -2 _ 3, .2v-1
1] < C’hja:jo.‘_l = C’hja:j_l

where in the case o > 2 we have used (4.1). Therefore, since h; < oh x}_l, we have

—20q —28q+2v—143 2 —2Bq+4v—14,
DY AR DR (S L D ()
i>175% j>1 j>1

1
< ChQ/ p—2Ba+dy—1
0

where we have used again (4.1). But the last integral is finite because fg < 2. Moreover, it is
bounded by a constant which remains bounded when ¢ — 1.
Therefore, summing up the estimates obtained and replacing in (4.7) we have

- C 1
IVl p2,\0) < Ji=1 ]| 2yl e

with a constant C' which does not blow up when ¢ — 1.

2log(1/h) 0

The proof concludes with a standard extrapolation argument taking q = Tlog(1/h) =T

Now, we want to estimate the error arising in the numerical integration of the boundary term.
With this goal we introduce an extension g of the function g to I's ;. Calling ¢(t) = (¢,t*) we

define g on each Fé 5, as follows,

g(it) = g(o(t)) = 2(t),  @j1 <t<uw;

where
Yj(t) = (¢, % + 5;(t))
with N N
¢ —ad N
3;(t) = x]] - :cj_1 (t—zj1) +af, —t

The following lemma gives some estimates for the functions d; and their derivatives that will
be useful in our error analysis.

Lemma 4.2. There exists a constant C, which depends only on «, such that
i) [61(t)] <2h and |0)(t)] < ChY!.
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.. _9 _9 .
i) [0;(¢)] < Ch?x]o-‘ and |05(t)] < Chjz™=, 2<j<mn.
Proof. The estimates in i) follow immediately from d;(t) = x?_lt —t* 0<t<zand z1 < hy.
Consider now 2 < j < n. Since d;(z;-1) = d;(x;) = 0, ¢} vanishes at some point in the interval
(xj—1,x;) and therefore
8] < Cla; - ay-1)a0~
where we have used (4.1) to bound §” in the case o < 2. So, the second part of ii) follows from

xj —xj—1 < h;. Finally, the bound for 4, follows immediately from the bound for its derivative
using again that d;(z;—1) =0 and z; — xj_1 < hj. O

Observe that if we apply a standard trace result in the polygonal domain €2, the constant
depends on h. However, since I'3 j, approximates I's, a trace theorem with a constant independent
of h can be derived from Theorem 3.2. This is the object of the next lemma.

Lemma 4.3. There exists a constant C' independent of h such that, for all v € Vy,
270l 2qe 1y < € Wl a1y
forr>a/2—-1ifa>2andr =0 if a < 2.
Proof. Since h; < Czj, it follows from ii) of Lemma 4.2 that
16;(t)] < Cx§~"hy.

Then, since v is linear in each triangle

/. 2 — /J
T3
q/ |ij|+0/

Since ;(t) = (t L=l — g ) + ¢ >, it follows that \w;(t)] ~ |¢'(t)| ~ C, thus

)z _I] 1

ov

2
v((t)) + 5j(t)87y(¢(t)) £ |5 ()]

2

185 ()24 |5 (2)]-

IN

@ 2

2,.2r o2 3 2a 24-2r
<C  + Chjz j
/jvx < Cllamvl2 1y + Sl

3,h
]
2 2
=" ol ey ) < Clla"vl|7apy) + CRET™
]
~Y

2
ervHLz(pg}) < CH.’L‘ UHLQ F] + Ch

1

2
v hy % and using that hy ~ x1 we obtain

9y L2(Ty)

If j = 1 we have %]F% e

@ 2
0y

L3(Ty)

|2
0,T;

while if j > 1 we have %erg

oy hj*Qa:]l-*a and then

@2
Jy

a— 14+2r

L2(T}) .
Therefore, for every j we have

ovl|?
2 .
v < C acv[ r H5 L2(T 7 b
|| Hl?( é,h) (H || 2( J) y 2( ])) j

and the lemma follows by summing up the previous inequalities for j = 1,...,n and using
Theorem 3.2. ]

Lemma 4.4. There exists a constant C' independent of h such that, for all v € Vj
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i) If a <2 and 2’ € L?(0,1)

/Q’U—/ In(gv)
I's L3 p

i) If2<a<3,B>a/2—1and 2't™° c L?(0,1)

/gv—/ In(gv)
s I3 n

Proof. First, we observe that since g and g agree at the nodes on I's N I'3;, we have

/ gu - / Tn(gv) / gv - / Gu+ / (G0 — In(3v))
I's Tsn I's Iz n Tz n

n
Z/Fjgv—/rj g +Z/Fj §v — Iu(gv)|
1 3 3,h j=1 3,h

= I+1I (4.10)

< ChllZ || 20,010l m162)-

< Chll?’ fﬁ”LQ(o,l)HU”Hl(Qh)-

IN

For any v € Vj, we have

=3 |-, Lo = X L Ol @) ol
< Z / O 1o(6(1)) — (5] 60
+Z/ o) 16/(0)] - 140
< 2/ Sl | 8,116 |+c/ (Ol 1) [5(0)
= ZA]+B]
j=1
and
2/ g0 — Tu(Gv) <Z/ (1)) = In(=(w 0 ) (O] 1 (0]
Let
wi(t) = (2(t) — Z)v(Y;t), tel;j=1,....n
where Z;,j = 1,...,n are constants to be chosen below. It follows that
< c i t) — L) < S kg [ (o),
Z/% ) J hWj ; j/l’j—l

where we have used a standard L' interpolation error estimate. Since, for t € I i
/ a /
|wj(t)] 2 Ollo( (D] +12(0) = 21 |5 (%( ) + 83j(@bj(t))wj(lt)‘
< ZOllv(@;(1)] + Clz(t) —ZjHW(%'( )|

IN




FINITE ELEMENT APPROXIMATIONS IN A NON-LIPSCHITZ DOMAIN 13

thus,

()15 (1)) + / 7 e —zj|rw<wj<t>>|) .

Tj—1

I < C'Zh (/

Clearly, since h; < h for any j =1,---,n it follows that

Tj—1

|2(t) — %I\Vv(wj(t))!>

1< 0h2</ Ollotw;0)+ [
= ChZCj+Dj.
j=1

Now, we consider the case o < 2 and we prove the result given in i).
For j =1, using i) of Lemma 4.2 and that

_atl
Vu(o(®))| ~ IVUllp2(rpyhy * tel,veV, (4.11)
we obtain, for 8 = max{0, 3 — a}

at+i+p

- a4B,
A < Chy 12t Pl 21| Voln | < Che N2t L2 I Vol L2y

< ORISRt oy V0l oy
Hence, since @ < 2 then ( + ﬂ) — > 1 and therefore,
Ay < Chllat B oo 1902y, (4.12)
Similary, for 8 = max{0, 3 — 3a} we have
Bi < OB st lolliaqy ) < BT P a0l
< Ot gy Il

For j > 1, using ii) of Lemma 4.2 and that

1—a
V(o) ~ hyta;” IVollpay,  tel (4.13)
a—1

since h; < Chij, we have, for 3 = max{0, % — a},

+8-5 - B+g-1,
A < OR%T TRt B g IVl | = Ol 2t ey V0l o
B+a—3 —
< Chx; — 7|zt ﬁ\le(zj)HVvllm(Tj)
< C’tht_ﬂHLg IVl L2z (4.14)
Similarly, for j > 1 and 8 = max{() 2 — fa} applying the Cauchy-Schwartz inequality we
have that

3 5
—2+ _ sa—2408 _
Bj < Chjx? ﬂHZt BHLQ(I]-)HUHLZ(F?;,}I) < Chx; g ”Zt BHLQ(IJ')HUHL%F%'JL)

< Chyyzfﬂ|yL2(]j)||UHL2(F§-h). (4.15)
So, since % —a< g - %a, if we take 8 = max{0, % — %a}, we obtain for any j
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/_gv—/_ gv
Iy TS

and adding for j = 1,...,n, we have

1< Chllat 20 (V02 + lollzary ) ) -

Now, since z(0) = 0 and § < 1, by using the Hardy inequality

< ChHZtiﬂ”LQ(Ij) (HVU”B(TJ-) + Hv”ﬂ(réﬁ)) (4.16)

HZ’575”L2(0,1) < Ol 20,1 (4.17)
and Lemma 4.3 for the case a < 2, we conclude that
I < ChllZ 2010l a1 (0)- (4.18)
On the other hand, we have that for all j > 1
¢ = / 0@ )] < 12 2z Wl pzces - (419)

Taking z; = [ L% it follows from the Poincaré inequality that

Tj—xj—1 Jwj_

12 = Zjll2a1;) < Chjll2 |l 21y

Then, using (4.11) for j =1 and (4.13) for j > 1 we obtain

1—g 2-a
Dy < Chy ? HZ/HLQ IVl 2y < Ch3=a |2 || 2y [Vl 201y
1 .
Dj < Ch2 2 12 2 IVl L2y < CR21Z | L2 IV 2y j>1
and therefore
Dj < Ol e2aplVollzry,  Vi>1 (4.20)

So, adding inequalities (4.19) and (4.20) for j = 1,--- ,n we have that

I1 <Ch (HZ,HL?(O,I) HU”LQ(Fg’h) + HZ,HL2(0,1)|’VU||L2(Qh)>
and using Lemma 4.3 again we conclude that
IT < Ch||Z' || 20,0y 10l 162y - (4.21)
From this inequality, (4.18) and (4.10) the proof of i) concludes.

Now, consider the case @ > 2. By the same arguments used in the previous case we have

a+3 o
Ar < Chy lizllezay IVoln | < Ot 2]l 2 IVl L2z

< Ch3=<|lzll 2 IVl L2(my)
but 52~ > 1 so,
A1 < Chllzl| L2 IVl L2 (ry)- (4.22)
For 7 > 1,
a— g2-1
A; < Chjx dE 2| Volzy | < Chjz? |zl L2, IVl L2y

a—

Chzx;

3
5 PNzl IVolleeryy < Chllzllpz ) IVl Ley)- (4.23)

IN
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Similarly, for any 8 > 0 we have

2

_ _ 12 _
Bi < Chi™H|at ’6HL2(11)HWQHL2(F;M) < nloD5sa |2t 6HL2(I1)HvxﬁHL2(F}37h)

< Chllat™ |z loa”ll 2y ) (4.24)
and
_ _ 305 _
B < Chyat ety 00 ey ) < Chd™ 31t agr lox oy
< Ch”zt_ﬂHLz(Ij)H’U;UﬂHLQ(Féh). (425)

and so, adding inequalities (4.22), (4.23), (4.24) and (4.25) for j = 1,--- ,n we conclude that
for any 3 > 0,

I <Ch (HZHLQ(O,I)HVUHLZ(Q;L) + HZfﬁHH(OJ)HWC[}HL?(F&,})) .

Taking § —1 < 8 < 1, using the Hardy inequality (4.17) and our trace result for the case
2 < a < 3, we obtain

I < ChllZ || 2y lvll a1 () - (4.26)
On the other hand, for any j and § —1 < 8 < 1 it follows that

G5 < 12 aapllval gy
and by using (4.11) for j = 1 and (4.13) for j > 1 we get

D; < Clll2aplVollzeeryy, 7= 1.
Therefore, we conclude that for § —1 < g <1,

IT<Ch (Hzlt_/B”B(o,l)HUCUBHLQ(F&,I) + HZ/”LQ(OJ)HVUHL2(Qh)) .
Hence, using Lemma 4.3 again we obtain
1T < Chl|Z't || 20,0 vl 11 ) (4.27)
and thus, using (4.26) and (4.27) in (4.10) we conclude the proof of ii). O

We can now prove our main theorem which gives quasi-optimal error estimates in H' for the
piecewise linear approximation on appropriate graded meshes.

Theorem 4.2. Let u be the solution of (2.1) and uy, € Vy, be its finite element approzimation
using the mesh T,. Assume a < 3, f € L*(Q), 2t~2 € L*(0,1) and 2't~" € L*(0,1), with r =0
when a < 2 and r > /2 — 1 when o > 2.

If the family of meshes satisfies (1), (2), (3) and (H), then there exists a constant C' depending
only on o, B and o such that

v — unll g1y < Chy/log(1/h) {HfHL?(Q) + 12t 2 | 200y + |12/ frHL?(OJ)} :
Proof. In view of (2.2) and since r > /2 — 1, it is enough to prove

lw = unll 1) < Ch/log(1/h) {llull g2y + 12"t " 1201) } -

Since  C 0, we have
lw = unll ) < 1@ — unll gy,
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and therefore it is enough to prove that

1@ — upl| i,y < Chy/log(1/h) {llullmz@) + 12"t | 220,1) } - (4.28)

Using the Poincaré inequality we have,

la—unll?(q,) < Cli—unling,) :/Q V(i—up)-V(a—11)+ i V(t—up)-V(Mi—up), (4.29)
h h

but we know from (4.2) and Theorem 4.1 that
| — | g1(q,) < Chllal gz, < Chllullgz@)-
Thus,
- V(= up) - V(a—1u) < Chlt — up|gr(o,)llull g2
and therefore, using the Young inequality, we obtain
o V(i —up) - V(i — i) < Coh®|i— unlfi g, + ellulliz g (4.30)

with € to be chosen below.
Then, we only have to estimate the second term of (4.29). To simplify notation we introduce
wy, := I — up. From (2.1) and (2.3) we have

V(i —up) - Vw, = /V(a—uh)-th+/ V(i —up) - Vwy,
Qs Q Qp\Q

= /Vu-th—i-/ Vu - Vwy, — Vuy, - Vuwy,
Q Q2,\Q Q

= V@Vw;ﬂ—/

gwy, —/ In(gwp).
Qh\Q I's F3,h

Then, from Lemmas 4.1 and 4.4, using (4.2), Theorem 4.1, and again the Young inequality we
obtain

) V(@ —up) - Vwy, < Ceh?log1/h {HUH?JQ(Q) + ||2/t77“”%2(0,1)} + ellwllFnq,)-
h

Therefore, (4.28) follows from (4.29), (4.30) by choosing an appropriate small €. O

Now we show that meshes satisfying the hypotheses (1)-(3) and (H) can be constructed. To
define the mesh 73, with h = 1/n we use the following method given in [9, 11].
(1) Introduce the partition of the interval (0,1) given by

2

P = AN 0<5<
xj_ E S] s n.

(2) Take the points (z;,0) in I't, (z;,2%) in I's and divide the vertical lines z = x;, for
j > 1, in a uniform way.
Figure 4 shows an example of one of these meshes.
If N is the number of nodes in the partition 7, it can be proved that h? ~ 1/N [9, 11].
Therefore, using these meshes we have the following error estimate in terms of the number of
nodes,
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FIGURE 4
value of s (« = 2) | in number of nodes in h
0.55 0.58821838532072 | 1.05409143915600
0.6 0.58550066423886 | 1.04922126406817
0.65 0.58412286609630 | 1.04675224021035
0.7 0.58376172979933 | 1.04610508145349
0.75 0.58410183082038 | 1.04671454484955
0.8 0.58483732089851 | 1.04803254818689
0.85 0.58568475211108 | 1.04955115081601
0.9 0.58640674380833 | 1.05084496496090
0.95 0.58683593873302 | 1.05161408525217

TABLE 2. H! order using graded meshes

log N _a _
2= {1z + 124 2o + 124 2o | -

Observe that this estimate is quasi-optimal. Indeed, up to the logarithmic factor, the order
with respect to the number of nodes is the same as that obtained for a smooth problem using
quasi-uniform meshes.

Table 2 shows the numerical results obtained with these graded meshes for the example (2.1).

lu—unllgr@) < C
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