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August 2012

Symplectic structures on nilmanifolds FCEIA-UNR



Introduction Intermediate cohomology The obstruction Classification of symplectic nilradicals

A symplectic structure on a differentiable manifold M is a closed 2-form ω that
is non degenerate at every point p ∈ M.

A nilmanifold is an homogeneous manifold Γ\N where N is a connected and
simply connected nilpotent Lie group and Γ is a cocompact discrete subgroup.

−→In this work we study the problem of existence of symplectic structures on
nilmanifolds.

We support our study in an important property of nilmanifolds: its de Rham
cohomology is isomorphic to the Lie algebra cohomology of the Lie algebra n of
N ([Nom54])

Hp
dR(Γ\N) ' Hp(n,R), p ≥ 0.
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Introduction Intermediate cohomology The obstruction Classification of symplectic nilradicals

A consequence of this result is that any symplectic structure on Γ\N is cohomol-
ogous to an invariant one. Then

∃ ω̃ symplectic structure on Γ\N ⇐⇒
∃ ω closed 2-form in n

such that ωn 6= 0
(dim n = 2n).

−→We study the problem of existence of symplectic structures from the Lie
algebra point of view.

In this talk we present:

• A brief introduction to Intermediate Cohomology (I.C.). [dB12].

• A necessary condition for a nilpotent Lie algebra n to admit symplectic
structures in terms of its I.C.

• Classification of symplectic nilradicals of Borel subalgebras of complex
classical simple Lie algebras.

Lets start....
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Given a nilpotent Lie algebra n, its Chevalley-Eilenberg complex is

C∗ : 0→ R→ n∗
d→ Λ2n∗ → . . .→ Λmn∗ → 0.

Here Λpn∗ is space the skew-symmetric p-forms on n and the differential is the
extension by derivation of d : n∗ −→ Λ2n∗, the dual mapping of the Lie bracket
of n.

−→We construct a canonical filtration of the cochain complex C∗.

Consider the subspaces of n∗

V0 = 0 Vi = {α ∈ n∗ : dα ∈ Λ2Vi−1} i ≥ 1.

They verify [Sal01]:

• Vi = (ni )◦, for all i ≥ 0,

• n is k − step nilpotent if and only if Vk = n∗ and Vk−1 6= n∗,

• and in that case: 0 = V0 ( V1 ( . . . ( Vk−1 ( Vk = n∗.
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This yields into a filtration of Λqn∗ for each q,

0 = ΛqV0 ( ΛqV1 ( . . . ( ΛqVk−1 ( ΛqVk = Λqn∗. (1)

In addition, for each p, d(ΛqVk−p) ⊆ Λq+1Vk−p. Thus

F pC∗ : 0 −→ R −→ Vk−p −→ Λ2Vk−p −→ · · · −→ ΛmVk−p −→ 0

is a subcomplex of the Chevalley-Eilenberg complex for each fixed p. From (1),
{F pC∗}p≥0 constitutes a filtration of the complex C∗.

−→{F pC∗}p≥0 induces a spectral sequence {E p,q
r (n)}p,q∈Zr≥0 (as any filtration of

a cochain complex)

This particular one is called the canonical spectral sequence of n and it converges
to the Lie algebra cohomology of n.In particular this implies:

H i (n) ∼=
⊕

p+q=i

E p,q
∞ (n) for all i = 0, . . . ,m. (2)

The groups E p,q
∞ (n) with p + q = i are the intermediate cohomology groups of n

of degree i .
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A very well known cohomological obstruction for the existence of symplectic struc-
tures on compact manifolds is

(*) M compact symplectic manifold ⇒ H2
dR(M) 6= 0.

But its useless for nilmanifolds Γ\N since H2(n) 6= 0 [Dix55]

A similar obstruction to (*), written in terms of the I.C., is valid for nilmanifolds.
Recall:

H2(n) = E 0,2
∞ (n)⊕ E 1,1

∞ (n)⊕ · · · ⊕ E k−1,3−k
∞ (n).

Theorem

If Γ\N is a symplectic nilmanifold and n = Lie(N) then E 0,2
∞ (n) 6= 0.
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Proof. Suppose there exists a symplectic form ω in the k-step nilpotent Lie
algebra n. Consider the central extension ñ of n throughout ω; ñ is a k + 1-step
with center of dimension 1.

The filtrations of n and ñ are related in the following
way:

Ṽi = Vi , i = 0, . . . , k, Ṽk+1 = ñ∗.

Which leads into a close relation between the intermediate cohomology. For
example

E 1,1
∞ (ñ) ∼=

{x ∈ Λ2n∗ : dx = 0}
Rω + {x ∈ Λ2Vk−1 : dx = 0}

E 0,2
∞ (n) ∼=

{x ∈ Λ2n∗ : dx = 0}
{x ∈ Λ2Vk−1 : dx = 0}

.

Notice that ω /∈ Λ2Vk−1 since ω is non degenerate on n.Comparing both terms
one obtain

dim E 0,2
∞ (n) = dim E 1,1

∞ (ñ) + 1,

which implies dim E 0,2
∞ (n) ≥ 1. �
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way:
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∞ (ñ) ∼=

{x ∈ Λ2n∗ : dx = 0}
Rω + {x ∈ Λ2Vk−1 : dx = 0}

E 0,2
∞ (n) ∼=

{x ∈ Λ2n∗ : dx = 0}
{x ∈ Λ2Vk−1 : dx = 0}

.

Notice that ω /∈ Λ2Vk−1 since ω is non degenerate on n.Comparing both terms
one obtain

dim E 0,2
∞ (n) = dim E 1,1
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which implies dim E 0,2
∞ (n) ≥ 1. �
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Let n be an even dimensional nilpotent Lie algebra.

(**) Does E 0,2
∞ (n) 6= 0 imply the existence of symplectic structures on n?

Answer:

No.

Example: Let nm,3 be the free 3-step nilpotent Lie algebra on m generators and
consider nm = Rs ⊕ nm,3 where s = 0 or s = 1 depending on whether dim nm,3 is
even or odd.

It is possible to show

• E 0,2
∞ (nm) 6= 0 for all m

• nm is not symplectic if m ≥ 2 [dB11].

Nevertheless there are some subfamilies of nilpotent Lie algebras where the
answer for (**) is positive...
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In this talk we present:

• A brief introduction to Intermediate Cohomology (I.C.). [dB12].

• A necessary condition for a nilpotent Lie algebra n to admit symplectic
structures in terms of its I.C.

• Classification of symplectic nilradicals of Borel subalgebras of complex
classical simple Lie algebras.
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Let g be a complex classical simple Lie algebra and let 4 be a root system of g
associated to the Cartan subalgebra h. Denote with 4+ the set of positive roots.

The Lie algebra b = h
⊕

α∈4+ gα is called a Borel subalgebra of g and its nilradical
is

n =
⊕
α∈4+

gα.

This Lie algebra admits a basis {Xα}α∈4+ for which the structure constants
are real. Our object of study is the nilpotent real Lie algebra defined by those
structure constants. For simplicity, we keep on calling it n.

Theorem (Classification of symplectic nilradicals)

If n is as above, the Lie algebra of even dimension Rs ⊕ n, s ≥ 0 admits
symplectic structures if and only if g is one of the followings:

sl (2,C), sl (3,C), so (5,C).
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Proof.

• The nilradical n corresponding to sl (2,C) is n = R.

• When g = sl (3,C), then n is the Heisenberg Lie algebra of dimension 3.

• The nilradical corresponding to so (5,C) has dimension four.

When g is not one of the Lie algebras above, we study the I.C. group E 0,2
∞ (n) and

use the obstruction described before. Actually we proved:

Lemma

Let n be the nilradical of the Borel subalgebra corresponding to the complex
classical simple Lie algebra g. Then

1. if g = sl (n + 1,C) for some n ≥ 3 then E 0,2
∞ (n) = 0,

2. if g = so (2n + 1,C) for some n ≥ 3 then E 0,2
∞ (n) = 0,

3. if g = sp (2n,C) for some n ≥ 3 then E 0,2
∞ (n) = 0,

4. if g = so (2n,C) for some n ≥ 4 then E 0,2
∞ (n) = 0.
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Proof of Lemma. Main tool to compute E 0,2
∞ (n) −→ the root system of g.

n =
⊕
α∈4+

gα.

• define the length of a positive root α as `(α) =
∑r

i=1 ni if α =
∑r

i=1 niαi ,
with αi , i = 1, . . . , r the simple roots.

• there exists a unique positive root of maximal length αmax.

Define for each i ∈ N, Li =
⊕

α:`(α)=i RXα. Thus n is graded:

n =
⊕
j≥1

Lj and [Lj , Li ] = Li+j .

The canonical filtration of n can be described in terms of this grading. Indeed for
each j = 1, . . . , k

Vj = span{γβ : `(β) ≤ j} = L∗1 ⊕ · · · ⊕ L∗j .

Here γβ denotes a generator of g∗β . In particular n is k-step nilpotent with
k = `(αmax).
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An insight into the space of closed 2-forms −→ Let ω be a closed 2-form in n. In
this context, a result of Benson and Gordon assures

ω ∈ L∗1 ∧ L∗k ⊕
⊕

1≤i<j≤k−1

L∗i ∧ L∗j therefore ω = σ + ω̃.

One easily shows that

dσ ∈ L∗k−1 ∧ L∗1 ∧ L∗1 ⊕
⊕
i+j=k

1≤i<j≤k−2

L∗i ∧ L∗j ∧ L∗1 . (3)

and d ω̃ ∈ Λ3(L∗k−1 ⊕ L∗k−2 ⊕ · · · ⊕ L∗1). (4)

Since dω = 0, dσ = −d ω̃.

Root system of g −→ computation of dσ and −d ω̃,
In any case (family A,B,C,D) −→ σ = 0 −→ E 0,2

∞ (n) = 0.

And the Lemma follows.
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this context, a result of Benson and Gordon assures

ω ∈ L∗1 ∧ L∗k ⊕
⊕

1≤i<j≤k−1

L∗i ∧ L∗j therefore ω = σ + ω̃.

One easily shows that

dσ ∈ L∗k−1 ∧ L∗1 ∧ L∗1 ⊕
⊕
i+j=k

1≤i<j≤k−2

L∗i ∧ L∗j ∧ L∗1 . (3)

and d ω̃ ∈ Λ3(L∗k−1 ⊕ L∗k−2 ⊕ · · · ⊕ L∗1). (4)

Since dω = 0, dσ = −d ω̃.

Root system of g −→ computation of dσ and −d ω̃,
In any case (family A,B,C,D) −→ σ = 0

−→ E 0,2
∞ (n) = 0.

And the Lemma follows.
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Theorem (Classification of symplectic nilradicals)

If n is as above, the Lie algebra of even dimension Rs ⊕ n, s ≥ 0 admits
symplectic structures if and only if g is one of the followings:

sl (2,C), sl (3,C), so (5,C).

Corollary

Let n be the Lie nilradical of a Borel subalgebra of a complex classical simple Lie
algebra g and let s ∈ N0 be such that Rs ⊕ n has even dimension. If dim n ≥ 2
the following statements are equivalent.

• Rs ⊕ n is symplectic,

• E 0,2
∞ (n) 6= 0,

• g = sl (3,C) or g = so (5,C).
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Thanks for your attention.
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