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Abstract A mathematical model which represents the
transport processes of heavy metals and fine sediments in
a fluvial stream was developed. The model consists of a
three-equation system: the first one for total chromium
concentration in the water column, CTw, the second one for
total suspended sediment concentration, Sw, and the third
one for chromium concentration in bed sediments, r. The
third equation represents the chromium exchange between
the water column and bed sediments by two processes:
diffusion of soluble chromium and erosion/deposition of
chromium sorbed to sediments. The basic assumption of the
model is the instantaneous equilibrium. The main parame-
ters are the partition coefficients in the water column and
bed sediments, the depth of the active bed sediment layer,
and the mass transfer coefficient between the water column
and sediment pore water. The numerical model approx-
imates the equations of advection–dispersion for chromium
in water and suspended sediments by using a Eulerian
third-order scheme. Numerical vs. analytical solutions were
considered satisfactory for different initial, boundary, and
sedimentological conditions. In order to estimate the impact
of a chromium side discharge, the model was implemented
for the Salado River in a reach of 65.6-km long (Santa Fe,
Argentina). The results showed the effect of chromium

discharge on almost the whole reach, then the vulnerability
of the water quality in the Salado River when the flow was
low was evidenced. When comparing the computed and
measured results, the former showed a reasonable repre-
sentation of the presence of chromium in water and bed
sediments.
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1 Introduction

Heavy metals (HM) such as chromium from natural or
anthropogenic origin are chemical substances that undergo
complex biogeochemical cycles. HM do not degrade in the
environment [38] and are persistent and toxic under certain
conditions [2, 29]. They are distributed between two
phases: the dissolved and the particulate phases, in aquatic
ecosystems, e.g., lakes, rivers, and coastal areas. The first
one refers to the water column and the sediment pore water;
the second one, the particulate phase, refers to the HM
adsorbed on suspended and bed sediments.

It is worth noting that the sediments are an integral and
inseparable part of a river [41], which serve as sinks of HM
and may be transported into streams, plains, and estuaries
[13, 40, 59]. These sediments may eventually become a
potential source of contamination by processes of erosion/
resuspension [55]. In addition, they hold up to a million
times more metal than an equivalent volume of water, being
this proportion a function of the chemistry of the metal, the
sediment, and the surrounding environment [9]. Particular-
ly, it is believed that fine sediments, such as silts and clays,
of an aquatic system are of extreme importance in the HM
transport [31] due to their high surface area and their
physicochemical properties of adsorbing substances [27].
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Several international environmental organizations consider
sediment contamination as a major risk in aquatic environ-
ments because HM remain in the medium as micro-
pollutants of high toxicity [47, 48].

Among several HM, chromium in its +3 and +6
oxidation states, is of a major concern because it could be
accumulated by several aquatic vegetation species, which in
turn may be consumed by herbivorous fish [23]. Further-
more, human beings could also be affected by this metal
from direct ingestion of contaminated fish or from ingestion
of food which had been in contact with contaminated water
for a considerable time [4].

The study of the transport processes of chromium
association with sediments was carried out, at laboratory
scale, by Turner and Millward [44], Turner [46], USEPA
[49, 50], Wen and Allen [53], and Jackman et al. [17] while
Wang and Chen [52] and Karvelas et al. [21] focused on the
statistical analysis of those processes. A complete concep-
tual and mathematical formulation for HM and sediment
transport processes in riverine and estuarine environments
was developed by Schnoor [38] and Chapra [6], among
others. Each author proposed a system of partial differential
equations to represent the main mechanisms governing the
interaction of chromium, between the dissolved and
particulate phases, both in the water column as well as in
the bed. Over the past two decades, several numerical
models were developed to simulate the dynamics of metals
and sediments in aquatic environments, using one-
dimensional (1D) cross-sectional averaged model [18, 58],
two-dimensional (2D) depth averaged [7, 22, 30, 39, 58],
two-dimensional laterally averaged [54], three-dimensional
(3D) numerical models [14, 15, 34, 37], or a combination
of 1D and 2DH models [57]. Although the fully 3D and 2D
models were often used, the 1D models are efficient and
economical tools to study hydro-environmental dynamics in
a 1D view of rivers. For many engineering problems, the
one-directional physical features are prevalent in many
riverine waters. This is the case of the Salado River, where
the length of the reach of interest is over tenfold its width.

The aim of this study was to develop and implement an
Eulerian numerical model to simulate the nonsteady
transport of chromium in water, bed sediments, and fine
suspended sediments in a fluvial watercourse.

The model was implemented in a reach 65.6-km long of
the Salado River, the Cululú Stream and the 1° de Mayo
Channel (Santa Fe Province), where there is a chromium
side discharge to the Salado River.

2 Conceptual Model

The dissolved HM in the water column are transported by
the advection and dispersion processes, while the HM in the

particulate phase are governed by sediment dynamics. HM
behavior in water bodies is strongly influenced by sorption
kinetics. If the adsorption and desorption processes are fast
compared to advection, dispersion, erosion/resuspension,
and deposition processes, then an assumption of instanta-
neous equilibrium may be used [15, 38]. Therefore, solid
concentrations in the water column must be constant or
must change slowly along the stream. Generally, sorption
kinetics is fast compared to the HM transport processes [16,
60], except perhaps along effluent dispersion plume [12] or
immediately following a pulse exposure, such as an
overflow from a storm sewer system [9].

The partition or distribution coefficients in the water
column Kpw [cubic meter per kilogram] and bed Kpb [cubic
meter per kilogram] are defined by Thomann and Mueller
[43] as the ratio between the metal mass (normalized to dry
solid mass) and the metal concentration in the solution. The
Kpw and Kpb coefficients depend on the physical and
chemical features of the suspended sediments as well as
various environmental conditions, such as pH, salinity,
redox potential, and dissolved organic matter content [20,
44]. Kpw is:

Kpw ¼ Cpw

Csw Sw
ð1Þ

where Csw and Cpw are the concentrations [kilogram HM per
cubic meter] of soluble and particulate metal in water and Sw
is the solids concentration in the water column [kilogram per
cubic meter]; s indicates soluble, p, particulate, and w, water.
Corresponding units are expressed between square brackets,
being kgHM and kg, HM and sediment concentration masses.
Kpb is expressed as follows:

Kpb ¼
Cpb

Csb Sb
¼ r=Csb ð2Þ

where Csb and Cpb are the concentrations [kilogram HM per
cubic meter] of soluble and particulate metal in the bed, and
Sb is the [kilogram per cubic meter] sediment concentration
in the bed environmental volume. r [kilogram HM per
kilogram] is the concentration of HM sorbed in bed
sediments. Sb is expressed according to bed porosity, f, as
Sb = ρs(1−f), and ρs=2,650 kg m−3 is the mass density of
the sediment grains. Figure 1 shows the processes and
mechanisms governing the HM cycle in an aquatic environ-
ment, both in the water column of h depth and in the depth
of the active bed sediment layer, da. The latter represents the
vertical spatial scale of the HM penetration in the bed
sediments, which is measured from the water–bed interphase
and is assumed to be constant. Moreover, HM (chromium)
concentration in da is also assumed to be homogeneous. The
velocity at which dissolved HM moves vertically in the bed
sediments through da is denoted by kL [meter per second]
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coefficient. This mass transfer process of dissolved HM
occurs by means of a diffusive process, according to Fick’s
law. Di Toro [8] suggests using a coefficient of average
molecular diffusion, D, in order to compute da = D/kL. Also,
the deposition rate, ks [per second], and the resuspension or
erosion rate, α [per second] are considered. The presence
and evolution of bed forms, e.g., dunes, do not change da or
Sb because the spatial and temporal scales of their
displacement in shallow waters are negligible compared
with HM and suspended sediment transport scales.

The sorption of chromium can occur in the particles of
suspended solids or flocs. If cohesive sediments, clay, and
fine silt are present, then all or a portion of the suspended

fine sediments (<63 μm) can be flocculated [24, 28].
Therefore, the dynamics of sedimentation will be governed
by the size and density of flocs, with a different
sedimentation mechanism from the thousands of particles
that compose them [56]. The flocculation process will not
be considered in the present work, then a reference value
for the settling velocity, Ws [meter per second], is adopted.
Bioturbation caused by the activity of the benthic fauna,
which can increase porosity, will not be considered [36].

3 Mathematical Model for the Transport of Heavy
Metals and Fine Sediments in Rivers

Schnoor [38] proposed a mathematical model of six
differential equations in partial derivatives (DEPD), fol-
lowing the conceptual model (Fig. 1). Two equations
describe chromium soluble and particulate transport in the
water column, as a function of Csw and Cpw. Other two
DEPD describe chromium soluble and particulate trans-
port in bed sediments, as a function of Csb and Cpb, and
the last two equations correspond to the concentrations of
suspended sediments and bed sediments, Sw and Sb. If the
instantaneous local equilibrium assumption is considered
for the sorption process, the Schnoor model can be
reduced to just two DEPD, for the dependent variables
CTw and r. However, when spatial and temporal changes of
Sw are slow, a third equation is regularly used in HM
transport models, e.g., [7, 15, 18, 32, 33, 39, 57].
Therefore, the first equation represents the total concen-
tration of chromium in water, CTw ¼ Csw þ Cpw, the
second one represents the chromium concentration sorbed
in bed sediments, r, and the third one represents fine
suspended solid concentrations, Sw:

@ CTw

@ t
¼ � 1
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@ x
UACTwð Þ þ 1
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advection dispersion erosion� deposition

ð5Þ

where U is the mean velocity in the cross section [meter per
second], A is the area of the cross section [square meter],
DL is the longitudinal dispersion coefficient [square meter
per second], x is the longitudinal coordinate [meter], and t
is the temporal coordinate [seconds], me and md [kilogram
per square meter per second] are erosion and deposition
rates, respectively. + = h/da is a dimensionless coefficient
which represents the geometrical scale of the depth with
respect to the active layer. The first term on the right of
Eq. 3 represents advective transport of chromium, the
second term represents transport resulting from dispersion,

Kpw

α

Csw 

α

Sw 

kL 

Cpw 

h

Kpb

ks 

Cpb 
Csb

da Sb 

ks 

Fig. 1 Scheme of processes and mechanisms governing the heavy metal
cycle in an aquatic environment (adapted from Schnoor 1996). Csw

concentration of soluble metal in water, Cpw concentration of particulate
metal in water, Csb concentration of soluble metal in bed sediments, Cpb

concentration of particulate metal in bed sediments, Sw solids concen-
tration in the water column, Sb sediment concentration in the bed
environmental volume, ks deposition rate, α the resuspension or erosion
rate, kL mass transfer coefficient between water column and pore water of
bed sediments, da active bed sediment layer, h depth of water column
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the third one corresponds to HM transfer between the water
column and sediment pore water by diffusion. The fourth
term represents the chromium incorporated to the water
column from the bed sediment by erosion. The fifth term is
chromium loss from the water column by sediment
deposition. As to Eq. 4, the terms on the right are
analogous to the last three terms of Eq. 3. The sign of the
first term of Eq. 4 can be positive or negative, according to
the ratio (r/Kpb−CTw/(1+Kpw Sw) which is equivalent to
(Csb − Csw). When Csb > Csw there will be an addition of
chromium to the water column by diffusion from the bed.
In the opposite case, when Csb < Csw, there will be an
increase of chromium in the bed at the expense of the
dissolved chromium in the water column. Remarkably,
this process in either direction is independent of the
erosion/deposition relationship.

The first and second terms on the right of Eq. 5
correspond to the fine sediment transport by advection
and dispersion, respectively. The third one represents the
fine sediment balance in the water column by erosion and
deposition processes.

The main parameters of erosion and deposition processes
are: the critical shear stress, τe, and the critical velocity for
sediment deposition, Ucr, respectively. The erosion rate can
be expressed as follows [1]:

me ¼ Ee
tb
te

� 1

� �
when tb > te; ð6Þ

where Ee [kilogram per square meter per second] is an
empirical constant, whose units correspond to those of me

and τb = ρw u*
2 is local shear stress, with ρw water density,

u* friction velocity, u*=Ung
0.5R−1/6, n is the Manning

coefficient, g gravitational acceleration, and R hydraulic
radius. When τb < τe, then me=0. As to deposition,
Nicholas et al. [35] postulated the deposition rate of
suspended solids as:

md ¼ Sw l Ws 1� U

Ucr

� �2
" #

þ q p E

( )
ð7Þ

where l is a dimensionless empirical constant, q [square
meter per second] is floodplain unit flow in the x direction, p
is the proportion of the water column occupied by
vegetation, and E is the vegetation trapping efficiency per
unit distance. The first term in Eq. 7 represents deposition
due to particle settling when U < Ucr. The second term
represents sediment entrapment for vegetation, and it is
relevant for floodplain deposition. If there is no floodplain
flow, then q=0. By comparing the erosion terms in Eqs. 3, 5,
and 6, the relationship between α and Ee can be obtained:

a ¼ Ee

da Sb

tb
te

� 1

� �
ð8Þ

Then by analyzing the deposition terms in Eqs. 5 and 7,
and Schnoor [38] definition, ks Sw = md/h, what is obtained
for ks is, as follows:

ks ¼ lWs

h
1� U

Ucr

� �2
" #

ð9Þ

Therefore, the formula ks = Ws/h [38] should be
considered just an approximation.

4 Numerical Model

The governing Eqs. 3 and 5 were resolved by means of a
Eulerian numerical scheme which makes possible the
representation of spatial and temporal variations of CTw

and Sw. The model is based on the well-known Quickest
scheme proposed by Leonard [26], which presents a spatial
and temporal third-order truncation error and has practically
no oscillations of the centered schemes and no numerical
dissipation of the regressive schemes, even under advective
conditions. The calculation is updated at each computa-
tional time step Δt, while hydrodynamic variables of
gradually varied unsteady flow, U and h, are updated at
longer time intervals. Equation 3 is then discretized as
follows:

Ctþ1
Twj

¼Ct
Twj

þ 1

Aj
a1jþ1 C

t
Twjþ1

þ a2j C
t
Twj

þ a3j�1 C
t
Twj�1

þ a4j�2 C
t
Twj�2

� �
� a5j C

t
Twj

þ a6j r
t
j

ð10Þ

a1jþ1 ¼ Ajþ1 Γ 1� cj
� �� cj

6
c2j � 3 cj þ 2
� �� �

ð11Þ

a2j ¼ Aj Γ �2þ 3 cj
� �� cj

2
�c2j þ 2cj þ 1
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ð12Þ

a3j�1 ¼ Aj�1 Γ 1� 3 cj
� �� cj

2
c2j � cj � 2
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ð13Þ
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c2j � 1
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ð14Þ
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kL fd;w
htj
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 !
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kL

hj Kpb
þ a

hj
da Sb

� �
Δt ð16Þ
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where kL, ks, α, Kpw, Kpb, and DL are all constants, Γ=
DL ΔtΔx−2 is the dimensionless dispersion coefficient and
cj=U

t
j Δt Δx−1 is the Courant number, Δx is the

computational spatial step. The subscript j and superscript
t designate spatial and time levels, respectively. Coefficients
ai, Aj, and cj are time dependent, but superscripts t were
omitted for the sake of simplicity.

Equation 4 was discretized according to the following
first-order scheme:

rtþ1
j ¼ rtj 1� a7jΔt

� �þ Ctþ1
Twj

a8jΔt ð17Þ

a7j ¼
kL þ da aKpb Sb
da 1þ KpbSbð Þ

� �
ð18Þ

a8j ¼
Kpb htj ks Kpw Stþ1

wj
þ kL

� �
da 1þ KpbSbð Þ 1þ KpwStþ1

wj

� �
1
A

0
@ ð19Þ

Like Eqs. 3, 5 are discretized as:

Stþ1
wj

¼ Stwj
þ 1

Aj
a1j S

t
wjþ1

þ a2j S
t
wj

þ a3j S
t
wj�1

þ a4j S
t
wj�2

� �
� a9j Δt

ð20Þ
In the case of erosive conditions in node j, according to

Eq. 6, coefficient a9j is:

a9j ¼ Ee

t tbj
te

� 1

 !
ð21Þ

and for deposition conditions, according to Eq. 7, the same
coefficient a9j is:

a9j ¼ Stwj
lWs 1� Ut

j

Ucr

� �2
 !

ð22Þ

where Ee, l, Ws, and Ucr are constant. Under equilibrium
conditions, a9j ¼ 0, and a5j ; a6j ; a7j and a8j depend neither
on α nor on ks.

The finite difference Eqs. 10, 17, and 20 are then solved
numerically with prescribed initial conditions: CTw(x,0), r(0),
and Sw(x,0); and boundary conditions, in x=0: CTw(0,t) and
Sw(0,t). At downstream boundary, in x = X: [∂CTw/∂x]X=0
and [∂Sw/∂x]X=0 are adopted. The calculation sequence
begins with Sw, which depends neither on CTw nor on r.

The assumption of complete mixture in a cross section is
adopted for CTw and Sw, if the point sources are simulated.
Therefore, simple balance equations are applied to compute
concentration. Though the resulting concentrations CTw and
Sw tend to overestimate the real ones on that particular cross
section, the assumption is acceptable for watercourses
where the longitudinal spatial scale of transport processes,

EL = X, is much higher than the transverse (Et) and vertical
spatial scales (Ev), where Et = W (river width) and Ev =
h (river depth). An estimation of complete mixture length,
Lm, can be done from Fischer et al.’s [10] expression for
side discharges: Lm=0.4 W2 U/εt, with εt = k u*h transverse
diffusion coefficient and k is a constant. Fisher’s expression
can be applied to straight channels of uniform velocity
and conservative substances. In the case of meandering
courses, a lower Lm is expected. Likewise, as to temporal
scales TL >> Tt >> Tv should be satisfied, where Tt=W

2/εt
is the transverse complete mixture time, Tv=h

2/εv is the
vertical complete mixture time and TL = X/Ữ is travel
time, with Ữ stream average velocity and εv=0.06 u*h,
vertical diffusion coefficient [10].

5 Analytical Solutions

A number of analytical solutions for steady-state flow and
different boundary and initial conditions were given by Van
Genuchten and Alves [51] for problems with linear
adsorption and zero and first-order decay. In order to
compare the numerical model predictions with the analyt-
ical solutions for the governing Eqs. 3 and 5, a simplified
case in the model is assumed; a complete mixture in the
cross section was adopted. A chromium and sediment
discharge was represented by a planar source at x=0. The
model and analytical solutions were implemented for a
channel 60,000-m long, 45 m in width, and 0.49 m in
depth, with a constant rectangular cross section and axe x in
the longitudinal direction. A uniform flow Q=4.4 m3 s−1,
with velocity U=0.20 ms−1, Manning coefficient n=0.026,
bed slope S0=0.000073, τb=0.34 Nm−2, and DL=10 m2 s−1

were adopted. These steady flow conditions are similar to
those of November, 1999 when the Salado River water level
was low. For deposition conditions, the adopted coefficients
were: l=1, Ucr = 0.21 ms−1, τe = 0.40 Nm−2, Ws =
0.0001 ms−1, and for erosion condition coefficients were:
Ce=0.25 Nm−2, Ee=0.000001 kg s−1m−2, and Ucr=
0.04 ms−1. The Sw and CTw longitudinal distributions
obtained for deposition, sedimentological equilibrium, and
erosion conditions, with Sw(0,t)=0.123 gL−1, r(0)=
100 mg kg−1 and CTw(0,t)=0.287 g L−1, are shown in
Figs. 2, 3, 4, and 5. The parameters used are shown in
Table 1. The numerical solutions for Sw given by Eq. 20 and
for CTw given by Eq. 10 are indistinguishable from the
analytical results reported by Van Genuchten and Alves [51].

Equation 4 can be written as follows: @r=@t ¼ �r k1 þ k2;
it allows the analytic solution shown below, with k1 and k2
coefficients:

r ¼ r0 k10 � k20ð Þe�k1t þ k2
� 	 1

k1
ð23Þ
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k1 ¼ kL þ a da Sb Kpb
da 1þ KpbSbð Þ ð24Þ

k2 ¼ CTw
Kpb h ks Kpw Sw þ kLð Þ

d 1þ Sw Kpwð Þ 1þ KpbSbð Þ
� �

ð25Þ

with k10=k1 and k20=k2(x,0).
The r longitudinal distributions obtained for deposition

and erosion conditions, with da=0.01 m, r(0)=100 mg kg−1,
Sw(0,t)=0.123 g L−1, and CTw(0,t)=0.287 g L−1 are shown in
Figs. 6 and 7. The model solutions given for r by Eq. 17
were considered satisfactory from the analytical results given
by Eq. 23. In this equation, the k1 and k2 coefficients are
constant, but this mathematical condition was relaxed in
order to represent erosion and deposition conditions. Thus,
CTw and Sw were calculated the usual way. A time t=4 days,
corresponding to travel time scale, was selected to obtain
concentration distributions. Spacial stepΔx=100 m and time

step Δt=120 s were used to apply the model. The Quickest
scheme numerical stability was assured with parameters c=
0.24 and Γ=0.12 [26].

6 Model Implementation

The Salado River headwaters are located in the provinces of
Salta and Catamarca (Argentina). It flows over 1,500 km
until Santo Tomé town, where it drains into the Paraná
River system. The reach under study is about 65.6-km long
and belongs to the lower basin (Fig. 8) in Santa Fe
province. The average annual flow, at the cross section on
provincial route 70 (PR70), is Q=145.6 m3 s−1 [42]. It
includes the contribution of the Cululú Stream basin, with a
3 m3 s−1 average flow. Several towns, such as Esperanza,
Franck, and Rafaela, among others, are located in this
region which constitutes one of the main milk producing
areas in South America, within an important area devoted
to agriculture and agribusiness. High concentrations of total
dissolved solids (16,000 μS cm−1) were observed. The
name of the river, in fact, means “salty.” Gallo et al. [11]
reported chromium concentrations higher than 8.9 μg L−1,
which is the chromium standard value for the protection of
aquatic life in freshwater of the Canadian Water Quality
Guidelines [5]. The presence of chromium can be attributed
to industrial effluent discharges in the surroundings of the
1° de Mayo Channel, on the right side of the Salado River.
The effluent discharge was characterized as follows: CTw=
4.57 mg L−1, Sw=0.030 kg m−3, and flow Q=0.100 m3 s−1.
This source will be referred to onwards as the “discharge.”
Figure 8 illustrates the extent of the Salado River with the
seven sampling sites used in the present work.

The numerical model was implemented in three reaches
(see Fig. 8): Salado River, Cululú Stream, and 1° de Mayo
Channel. The first reach extends between cross section 1,

0.0
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Fig. 2 Sw longitudinal profile comparison. Analytical solution—by
van Genuchten and Alves (solid lines)—vs. numerical model results
(open dots) at t=2 days for continuous Sw(0,t), for deposition
condition. Distance x measured from upstream boundary section
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upstream boundary, and cross section 2, downstream
boundary, located at x=0.0 and x=65.6 km, respectively.
Section 1 is 7.7 km upstream from the river intersection
with provincial route 6 (PR6), while section 2 is the river
intersection with PR70. The second reach stretches along
5.1 km over the Cululú Stream, from section 3, at the
intersection with provincial route 50 (PR50), up to its
mouth in the Salado River. The third reach corresponds
to a stretch of 3.6 km along the 1° de Mayo Channel,
between section 4, which defines an upstream boundary,
and the channel mouth in the Salado River (section 5),
close to the discharge. Other sections, sections 6 and 7,
were located 0.3 and 33 km downstream from the
discharge (see Fig. 8).

The model was applied to simulate the CTw, Sw, and r for
November 23, when the Salado River flow was low. The
river bathymetry was measured in several surveys using a
boat equipped with a Raytheon echo sounder and a global
positioning system. A sampling from boats and bridges was

carried out in order to determine the CTw, r, and Sw. Each
watercourse flow was determined by using an OTT mini-
velocimeter: Q=4.61 m3 s−1 in section 1, Q=0.81 m3 s−1 in
section 3, and Q=0.10 m3 s−1 in section 4. Surface widths
(W) characterizing each watercourse were 30, 14, and 2 m,
for the Salado River, Cululú Stream, and 1° de Mayo
Channel, respectively, being their corresponding depths 1.50,
0.45, and 0.10 m. Samples were collected at half depth using
a Wildco β, 2.2-L horizontal sampling bottle. A Malvern
Mastersizer 2000 diffractometer was used to determine
suspended sediment granulometry, which showed that 30%
were clays (<2 μm), and the remaining were fine silts below
30 μm. In the surroundings of the discharge, chromium bed
concentration was r=280 mg kg−1 dry weight, for a sample
extracted from 1 to 2 cm from the top layer of the bed. More
details about field works and laboratory procedures can be
found in Gallo et al. [11].

An empirical formula was used to calculate a dispersion
coefficient DL=10.6 m2 s−1 [10]. Spacial and time steps,
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Δx=100 m and Δt=120 s, respectively, were adopted in
accordance with both result requirements and numerical
scheme stability conditions (Leonard, 1979). Settling velocity,
Ws, was set at 0.0001 m s−1, which is an appropriate
assumption for suspended silt and clay granulometry. As to
initial conditions and based on the data collected, the
following values were considered: CTw(x,0)=0.002 mg L−1,
r(0)=10 mg kg−1, and Sw(x,0)=0.0364 kg m−3. Table 2
shows the upstream boundary conditions for CTw(0,t) and
Sw(0,t) measured in sections 1, 3, and 4.

Partition coefficient was set taking into account a mean
value, Kpw=40.0 m3 kg−1, from a detailed analysis by [11].
The bed sediment density was computed from the bed
porosity, which was 0.50<f<0.62, therefore, an Sb=
1,200 kg m−3 average was determined. Others parameters
ks=1.00 10−7 s−1, l=1.0, Ee=1 10−6 kg s−1 m−2, and da=
0.01 m were adopted [8]. In the model calibration, Kpb=
3.00 m3 kg−1, kL=4.95 10−5 m s−1, Ucr=0.081 m s−1, τe=
0.26 N m−2, were treated as model parameters for the Salado
River that must be adjusted to match the measured
concentrations. τe=0.35 N m−2 was adopted for the other
watercourses. The critical shear stresses for erosion were
selected taking into account both bibliography [19] and bed
sediment granulometry [25]. A dynamic viscosity μ was
calculated with a state equation, as a function of temperature
[6].

7 Results and Discussion

Gradually varied unsteady flow was calculated with the
HEC-RAS 4.0 system [3] for a time interval from October
23, 1999 to February 13, 2000. The flow was characterized
by average velocities between 0.08 and 0.30 m s−1 for the
Salado River, 0.20 m s−1 for the Cululú Stream and
0.10 m s−1 for the 1° de Mayo Channel. Flow and water
gauge were 4.66<Q<5.76 m3 s−1 and 0.26<h<0.87 m,
respectively at the control section on PR70. The distance
required for complete mixing from the right side discharge
was Lm≈2,700 m, that is Lm << X, with εt=0.045 m2 s−1.
Temporal scale values were: TL=122 h, Tt=12 h, and Th=
1.5 h (with εv=0.0030 m2 s−1), which shows TL >> Tt >>
Tv. These results allow us to accept the conditions of near-
instantaneous mixing in the vertical direction and relatively
rapid mixing in the transverse direction, basic requirements
for implementing a one-dimensional transport model.
Figure 9 shows the plume resulting from the discharge on
the right riverbank. The photograph, taken on November
23, 1999 shows that the plume reaches approximately the
center of the section and disperses downstream, without
mixing completely at the cross section.

The spatial variations of CTw along the stream are
represented in Fig. 10. The comparison of measured and
predicted CTw is also presented. Results show that chromium

Table 1 Parameters used in the numerical model and analytical solutions to calculate CTw and r

ks Ee kL da Kpw Kpb Sb
1 s−1 kg (sm2)−1 m s−1 m m3 kg−1 m3 kg−1 kg m−3

1 10−7 1 10−6 4.910−5 0.01 40 3 1,200

CTw total metal concentration in water column, r concentration of metal sorbed in bed sediments, ks deposition rate, Ee empirical constant of
erosion, kL mass transfer coefficient between water column and pore water of bed sediments, da active bed sediment layer, Kpw partition
distribution coefficient in the water column, Kpb partition distribution coefficient in bed sediments, Sb sediment concentration in the bed
environmental volume
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discharge, located at x=7.6 km, produces a local impact with
a peak CTw=0.101 mg L−1 at x=7.8 km. This concentration is
tenfold higher than CTw(0,t)=0.010 mg L−1. The distribution
of chromium computed downstream the discharge, which
shows a constant declining trend up to x=50 km. Further
downstream, the distribution of chromium decreased
continuously, but with local variations, to the downstream
section of the reach, PR70. The Cululú Stream water
input, which occurs at x=3.7 km, does not show relevance
for the chromium-studied conditions in the Salado River.
Therefore, the transport process was under discharge
control.

The chromium concentration in the bottom sediments
behaves in different ways regarding the water column.
Figure 11 shows the longitudinal profile of the computed r
in t=30 days and r measured at sampling sections 1, 6, 7, and
2. The initial condition r(0)=10 mg kg−1 increased in one
order of magnitude near the discharge section. A decreasing
gradient is observed up to x=40 km for the r longitudinal
profile. Then, between 40 and 55 km, the decreasing trend is
slightly greater, and from 55 to 60 km there is a very noticeable
negative gradient. From that point onwards, r becomes stable.
The maximum is reached with r=88.9 mg kg−1 at x=8.1 km,
immediately downstream of the source.

Fig. 8 Maps showing the location of the Salado River, the Cululú Stream, and the 1° de Mayo Channel and the seven sampling sites
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Figure 12 represents the Sw longitudinal profile calculated
and measured along the river. The concentrations shows a
general slow declining trend up to x=40 km, and it remains
almost constant with slight local variations, corresponding to
sedimentological equilibrium conditions. From x=20 km to
x=50 km, the Cb values are between 0.144 and 0.069 N m−2,
then between 56 km<x<63 km, τb slightly exceeds Ce. The
highest Cb=0.60 N m−2 is calculated at x=58 km. The time
scale of the fine sediment transport is about 7 days, which
relates to travel time, TL=5.1 days, which in turn is
equivalent to an advective time scale.

The sensitivity of the model regarding changes in the
initial conditions was analyzed. The results showed the
importance of the initial conditions for the spatial distribu-
tion of r and the low relevance for Sw and CTw. The
observation is justified in that the last two variables
required a time similar to the travel time to be compared
with the measurements, whereas for r, a substantially higher
temporal scale was required. The profiles calculated for Sw,
CTw, and r were fitted to the measurements. For the first
two variables, the best fit is achieved for t=8 days, and for
r, the best fit was performed for t=30 days. This is
compatible with works by other authors [7, 18].

For the conditions of model implementation, it was
observed that over the 40 days prior to measurements,

the flow variations were ±11% the flow gauged on
November 23, 1999. Therefore, it can be stated that the
flow was unsteady, gradually varied, with slight temporal
variations.

The particulate fraction in the water column, fpw=Sw
Kpw/(1+Sw Kpw), was higher than the dissolved one fdw=1/
(1+Sw Kpw) along almost all the reach. The fpw was
determined from Sw and Kpw. The former was calculated
with the model, and the latter was determined by Gallo et
al. [11]. The average fpw was about 0.66.

A relevant parameter was the active layer depth, since
the greater the da, the slower the changes of CTw and r. For
example, for the same case analyzed, when da=3 cm was
adopted, the transport processes were slower for CTw and r.
The calculated r longitudinal profile showed less variation,
mainly near the source. Therefore, r corresponds to higher
time scales, as it was reported by Chen et al. [7]. Both the
deposition and erosion thickness calculated were <1 mm
along the reach for t=30 days, then, the assumptions Sb and
da constant can be accepted.

The results obtained for r applying Eq. 23 show an error
of 16% regarding those calculated by Eq. 17. The
overestimation for the analytical solution may have been
due to the fact that neither CTw nor Sw were kept constant.
The salinity effect on the partition coefficient [45] was not

Table 2 Sw and CTw upstream boundary conditions for Salado River, Cululú Stream, and 1° de Mayo Channel for model simulation on
November 23, 1999

Cross section Sw (0,t) (kg m−3) CTw (0,t) (mg L−1)

Salado River 1 0.125 0.010

Cululú Stream 3 0.030 0.017

1° de Mayo Channel 4 0.020 0.030

Sw sediment concentration in the water column, CTw total metal concentration in water column

Salado river

right side discharge

1º de Mayo channel 

Fig. 9 Section 5 at Salado
River and 1° de Mayo Channel
mouth. Plume resulting from
the right side discharge: CTw=
4.57 mg L−1, Sw=0.030 kg m−3,
and Q=0.100 m3 s−1
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analyzed because changes in salinity were negligible for the
analyzed conditions.

8 Conclusions

A three-equation mathematical model was developed to
represent the chromium exchange process between the bed
and the water column, considering metal sorption kinetics for
instantaneous equilibrium conditions, as well as the mechanical
processes of erosion/deposition of fine sediments.

The differential equations for CTw and Sw of the
mathematical model were approximated by the Quickest
numeric scheme. r was calculated with a simple scheme in
finite differences. Numerical vs. analytical solutions for CTw,
r and Sw under erosion/deposition and equilibrium conditions
were considered satisfactory.

The longitudinal profiles calculated by the model for CTw,
r, and Sw in the reach of 65.6-km long of the Salado River
showed a good fit to the measurements. The model properly
represents the impact of the discharge into the river,
increasing CTw from 0.01 mg L−1 to 0.1 mg L−1 and r from
6 mg kg−1 to 100 mg kg−1.

Chromium concentrations, CTw and r, were mainly
controlled by the discharge concentrations for the low-flow
conditions studied. The calculated time scale for CTw and
Sw were 8 days being associated to travel time, whereas
the r scale was 30 days. The active layer thickness, da, was
an important parameter, mainly for r time scale. The
chromium particulate fraction in the water column shows
the importance of studying the association of chromium with
sediments.

A greater number of field measurements and laboratory
tests would also allow better parameter calibration, particu-
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larly for da, Kpb, and kL. It would also be possible to model
other environmental situations.
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Appendix: Nomenclature

A [m2] Cross section area
cj Courant number
Cpb [kgHM m−3] Particulate metal concentration in

the bed
Cpw [kgHM m−3] Particulate metal concentration in

water column
Csb [kgHM m−3] Soluble metal concentration in the

bed
Csw [kgHM m−3] Soluble metal concentration in

water column
CTw [kgHM m−3] Total metal concentration in the

water column
da [m] Active bed sediment layer
DL [m2 s−1] Longitudinal dispersion coefficient
E [m−1] Vegetation trapping efficiency per

unit distance
Ee [kg m−2 s−1] Erosion empirical constant
EL Longitudinal spatial scale of

transport processes
Et Transverse spatial scale of

transport processes
Ev Vertical spatial scale of transport

processes
fdw Dissolved fraction in water column
fpw Particulate fraction in water

column

g [m s−2] Gravitational acceleration
h [m] Water column depth
k Dimensionless constant (transverse

diffusion coefficient equation)
kL [m s−1] Mass transfer coefficient
Kpb [m

3 kg−1] Partition or distribution
coefficient in the bed

Kpw [m3 kg−1] Partition or distribution
coefficient in the water column

ks [s
−1] Deposition rate

k1, k10 [s
−1] Coefficient

k2, k20
[kgHM kg−1 s−1]

Constant coefficient

Lm [m] Complete mixture length
md [kg m−2 s−1] Sediment deposition rate
me [kg m−2 s−1] Sediment erosion rate
n [s m−1/3] Manning coefficient
p Proportion of the water

column occuppied by vegetation
Q [m3 s−1] Stream flow
q [m2 s−1] Floodplain unit flow in the x

direction
R [m] Hydraulic radius
r [kgHM kg−1] Concentration of metal sorbed in

bed sediments
Sb [kg m−3] Sediment concentration in

the bed environmental volume
S0 [m m−1] Bed slope
Sw [kg m−3] Total suspended sediment

concentration
TL [s−1] Travel time/longitudinal temporal

scale
Tt [s

−1] Transverse temporal scale
Tv [s

−1] Vertical temporal scale
t [s] Time coordinate
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U [m s−1] Mean velocity in the cross section
Ucr [m s−1] Critical velocity sediment

deposition
Ữ [m s−1] Stream average velocity
u* [m s−1] Friction velocity
W [m] River width
Ws [m s−1] Settling velocity
x [m] Longitudinal coordinate
α [s−1] Resuspension/erosion rate
Δx [m] Computational spatial step
Δt [s] Computational time step
εt [m

2 s−1] Transverse diffusion coefficient
εv [m

2 s−1] Vertical diffusion coefficient
γ = h/da Dimensionless coefficient
l Dimensionless deposition constant
Γ Dimensionless dispersion

coefficient
Ø Bed porosity
ρs [kg m−3] Mass density of sediment grains
ρw [kg m−3] Water density
τe: [N m−2] Erosion critical shear stress
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