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Classic coloring

Let G = (V,E). A k-coloring is a partition of V in Gy, G, ...,
Ck such that:

ouweE ue(G = v

Equitable coloring

A k-eqcol is a k-coloring such that:
o [|G|-IGll<1 Vij=1,...,k

Equitable chromatic number

Xeq(G) = min{k : G admits a k-eqcol}

o ECP consists in finding xeq(G).



Polyhedral
results for the
ECP

Méndez-Diaz,
Nasini,
Severin

Introduction

Polyhedral
study of the
formulation

Computational
results

A bit of history about ECP...

@ Definition and first results [Meyer (1973)]
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@ Definition and first results [Meyer (1973)]
o Applications:

@ Municipal garbage collection service [Tucker 1973]
@ Traffic signal control [Irani, Leung (1996)]
s Parallel memory systems [Das, Finocchi, Petreschi (2006)]

o ECP is NP-Hard [Kubale, Furmanczyk (2005)]

o IP model and C&B [Méndez-Diaz, Nasini, S.- (Alio/Euro
2008)]
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Definition and first results [Meyer (1973)]
Applications:

@ Municipal garbage collection service [Tucker 1973]
@ Traffic signal control [Irani, Leung (1996)]
s Parallel memory systems [Das, Finocchi, Petreschi (2006)]

ECP is NP-Hard [Kubale, Furmanczyk (2005)]
IP model and C&B [Méndez-Diaz, Nasini, S.- (Alio/Euro
2008)]

B&C-LF, based on asymmetric representatives model
[Bahiense, Frota, Maculan, Noronha, Ribeiro (LAGOS 2009)]
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Definition and first results [Meyer (1973)]
Applications:

@ Municipal garbage collection service [Tucker 1973]
@ Traffic signal control [Irani, Leung (1996)]
s Parallel memory systems [Das, Finocchi, Petreschi (2006)]

ECP is NP-Hard [Kubale, Furmanczyk (2005)]

IP model and C&B [Méndez-Diaz, Nasini, S.- (Alio/Euro
2008)]

B&C-LF, based on asymmetric representatives model
[Bahiense, Frota, Maculan, Noronha, Ribeiro (LAGOS 2009)]

Tabu search and B&C based on clique inequalities
[Méndez-Diaz, Nasini, S.- (INFORMS 2010)]
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In this work...

o Polyhedral study of the IP formulation used
by our B&C

» 5 families of valid inequalities
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color j is assigned to v,

otherwise,

VVj_

1 x,; =1 for some v,

0 otherwise.
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1 color j is assigned to v, 1 x,; =1 for some v,
Xy = w; =
v 0 otherwise, ! 0 otherwise.
n
min Z w;
j=1
n
s.t.vajzl, Vvev
j=1
Xyj + Xvj < wj, YuveE, j=1,...,n

X < wj, V v isolated, j=1,...,n
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1 color j is assigned to v, 1 x, =1 for some v,
Xy — w; =
v 0 otherwise, ! 0 otherwise.
n
min Z w;
j=1
n
s.t.vajzl, Vvev
j=1
Xyj + Xvj < wj, YuveE, j=1,...,n
X < wj, YV visolated, j=1,...,n
VVJ'+1SVVJ'7 Vj=1,...,n—1

Coloring polytope

CP = convex hull of colorings of G
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1 color j is assigned to v,
Xy —
Y 0 otherwise,

n
min Z w;
j=1
n
s.t. ZXV_,' =1,
j=1

Xuj + Xy < W,

Xyj < wj,
wit1 < wj,

n—1 n
vaj > Wp + Z {;J (Wi — Wis1),
veV k=j

n—1 n
vaj < wp + Z {;—‘ (Wi — Wis1),
vev k=j

VVJ-_

1 x,; =1 for some v,

0 otherwise.

YVvev

YuveE, j=1,...,n
YV visolated, j=1,...,n
Vj=1,...,n—-1
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Equitable coloring polytope

ECP = convex hull of equitable colorings of G
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Dimension

Equitable coloring polytope
ECP = convex hull of equitable colorings of G

2/ (G) ={k : G does not admit any k-eqcol}

)

o Example: K33 only admits 2,4,5 and 6-eqcols
— (Ksz)={1,3}
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Equitable coloring polytope
ECP = convex hull of equitable colorings of G

2/ (G) ={k : G does not admit any k-eqcol} J

o Example: K33 only admits 2,4,5 and 6-eqcols
— (Ksz)={1,3}

Dimension of ECP
dim(ECP) = n® — (|(G)| +2)

o Example: dim(K33) = 32
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i Let j < n—1and Q be maximal clique of G such that |Q| > 2.
Severin Then, the clique inequality
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Block inequalities
Let v € V and j < n— 2. Then, the block inequality

n
E Xyj < wj,
k=j

is valid for ECP. If j — 1 ¢ &7(G), it defines a facet of ECP.
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Known valid inequalities for CP

j<n-1
S C V with o(S) =2
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Known valid inequalities for CP

j<n-1
S C V with o(S) =2

vaj < 2w; valid for CP
veSs
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(S, Q)-2-rank inequalities
Let Q={g:q€S, SC N[qg]}. The (S, Q)-2-rank inequality

defined as
Z xvj-l-ZZij <2w;,
veS\Q veER

is valid for ECP.
Example: Q ={1,2}
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(S, Q)-2-rank inequalities
Let Q={g:qg€S, SC N[q]}. The (S, Q)-2-rank inequality

defined as
Z XVJ'+2ZXVJ' <2w;,
veS\Q veR

is valid for ECP.
Example: Q = {1,2}
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Known valid inequalities for CP

(S, Q)-2-rank inequalities

The (S, Q)-2-rank inequality defines a facet of ECP if:
° |Q|>2

@ no connected component of G[S\ Q] is bipartite
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Known valid inequalities for CP

(S, Q)-2-rank inequalities

The (S, Q)-2-rank inequality defines a facet of ECP if:
°|Q|>2
@ no connected component of G[S\Q] is bipartite
o VveV\S QU{v}is not a clique
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(S, Q)-2-rank inequalities
The (S, Q)-2-rank inequality defines a facet of ECP if:
o |Q|>2
o no connected component of G[S\Q] is bipartite
o j<[n/2] -1
o V v e V\S such that QU {v} is a clique, 3 H such that:

s H stable set with |H| =3
s veH
o |[HNS|=2




Known valid inequalities for CP

Polyhedral
results for the
ECP

Méndez-Diaz,
Nasini,
Severin

Introduction

Polyhedral
study of the
formulation

Computational
results

(S, Q)-2-rank inequalities

The (S, Q)-2-rank inequality defines a facet of ECP if:
o |Q|>2
o no connected component of G[S\Q] is bipartite
o j<[n/2] -1
o V v e V\S such that QU {v} is a clique, 3 H such that:
s H stable set with |H| =3

s veH
o |[HNS|=2
@ nodd — G — H has a perfect matching
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(S, Q)-2-rank inequalities

The (S, Q)-2-rank inequality defines a facet of ECP if:
° Q=2

@ no connected component of G[S\Q] is bipartite
o j<[n/2] -1
o V v e V\S such that QU {v} is a clique, 3 H such that:
H stable set with |H| =3
veH
|[HNS| =2
nodd — G — H has a perfect matching
n even — 3 another stable set H' such that:
o |H'|=3
s HNH =2
@ G — (HUH'’) has a perfect matching

©

© ¢ ¢ ©
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Known valid inequalities for CP

j<n-1

u

S C N(u) not a clique

a(S)xy + vaj < a(S)w; valid for CP
veS
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Known valid inequalities for CP

j<n-1

u S C N(u) not a clique

a(S)xy + vaj < a(S)w; valid for CP
veS

o in ECP — |G| < [n/)]
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j<n-1

u S C N(u) not a clique

a(S)xy + vaj < a(S)w; valid for CP
vesS
o in £CP — |G| < [n/j]
© ks = min{[n/k], a(S)}

Subneighborhood inequalities

The (u,j, S)-subneighborhood inequality defined as

n
Yisxai + D Xt Y (Vs — Yes)Xuk < Yjsw,
ves k=j+1

is valid for ECP.
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New valid inequalities for ECP

J<n/2]

u € V not universal in G
N(u) not a clique

we focus on V\N[u]
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New valid inequalities for ECP

° J<n/2]
W o o u € V not universal in G
u N(u) not a clique
we focus on V\N[u]
o VY j-eqcol — |G| > [n/j]
o x,j =1 — [n/j] — 1 vertices of V\N[u] uses color j
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New valid inequalities for ECP

° J<n/2]
W o o u € V not universal in G
u N(u) not a clique
we focus on V\N[u]
o ¥ jeqeol — |G| > [n/j]
o x,j =1 — [n/j] — 1 vertices of V\N[u] uses color j
(Ln/j] — 1)xyj — Z x,j <0 valid for j-eqcols
ve VA\N[u]
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° Ji<1[n/2]
W u €V not universal in G
o [ ]

u N(u) not a clique
we focus on V\N[u]
o ¥ jeqeol — |G| > [n/j]
o x,j =1 — [n/j] — 1 vertices of V\N[u] uses color j

(Ln/j] = 1)Xuj — Z xyj <0 wvalid for j-eqcols
ve VA\N[u]

Outside-neighborhood inequalities

The (u,j)-outside-neighborhood inequality defined as

(Ln/JJ - 1)Xuj - Z Xyj+ Z kaXuk < Z bjk(Wk - Wk+1)

veV\N[u] k=j+1 k=j+1

where by = |n/j] — |n/k], is valid for ECP.
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New valid inequalities

N

Jjyksuchthat j < k<n-2
ueV
N(u) not a clique

Q clique such that Q N N[u] =
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jyksuchthat j < k<n-2
S, ey

N(u) not a clique
Q clique such that Q N N[u] =

o following the same reasoning as in the previous cases:

Clique-neighborhood inequalities

The (u, j, k, Q)-clique-neighborhood inequality defined as

(Tn/K1=1)xy+ > xgt+ > ([n/K1 = [n/N)Xu +D_ Xen-1+ > Xon
veN(u)UQ I=k+1 vev veV\{u}
k—1

= Zbul(WI - WI+1)+Zf"/k](W/ Wis1)+ Z ([n/k] + 1)(w — wita),

I=n—1

where b,y = min{[n//], a(N(u)) + 1}, is valid for ECP.




Polyhedral
results for the
ECP

Méndez-Diaz,
Nasini,
Severin

Introduction

Polyhedral
study of the
formulation

Computational
results

New valid inequalities

o S = set of colors
o k<n
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New valid inequalities

o S = set of colors
o k<n
o dsx = |SN{L,...,k}| (available colors in a k-eqcol)
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New valid inequalities

o S = set of colors

o k<n

o dsx = |SN{L,...,k}| (available colors in a k-eqcol)
o bsi = dsk| 2] + min{ds,,n — k[ 2]}

Z Z xyj < bgi valid for k-eqcols
JES veVv
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o S = set of colors

o k<n

o dsx = |SN{L,...,k}| (available colors in a k-eqcol)
o bsi = dsk| 2] + min{ds,,n — k[ 2]}

Z Z xyj < bgi valid for k-eqcols
JES veVv

S-color inequalities

The S-color inequality defined as

n
D xy <D bs(wi — wir1),
1

JjES veV k=

is valid for ECP.
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o For every family of valid inequalities presented previously:

o Sufficient conditions in order to be facet-defining
inequalities.



More results

Polyhedral
results for the
ECP

Méndez-Diaz,
Nasini,
Severin

Introduction

Polyhedral
study of the
formulation

Computational
results

o For every family of valid inequalities presented previously:
o Sufficient conditions in order to be facet-defining
inequalities.
o If F = face defined by the inequality,
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o If F = face defined by the inequality,
dim(F) = o(n?) = o(dim(ECP))
@ Separation routines:
o Heuristics:
o Clique ineq.
o (S, Q)-2-rank ineq.
@ S-color ineq.
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o For every family of valid inequalities presented previously:
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o If F = face defined by the inequality,
dim(F) = o(n?) = o(dim(ECP))
@ Separation routines:
o Heuristics:
o Clique ineq.
o (S, Q)-2-rank ineq.
@ S-color ineq.
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@ Block ineq.
o (u,j, N(u))-subneighborhood ineq.
@ (u,j)-outside-neighborhood ineq.
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o If F = face defined by the inequality,
dim(F) = o(n?) = o(dim(ECP))
@ Separation routines:
o Heuristics:
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Computational

results I+ C||que ineq.

o (S, Q)-2-rank ineq.
@ S-color ineq.
o Enumeration:
@ Block ineq.
o (u,j, N(u))-subneighborhood ineq.
@ (u,j)-outside-neighborhood ineq.
s (u,j, k, Q)-clique-neighborhood: We take advantage of
cliques found previously
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Computational results

o Comparison between:
o BCt = B&C with all inequalities
@ BC = B&C with only clique inequalities
[Méndez-Diaz, Nasini, S.- (2010)]
s CPX = CPLEX with default parameters
@ LF, = B&C based on asymmetric representatives
[Bahiense, Frota, Maculan, Noronha, Ribeiro (2009)]
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Mén::%z o BC* = B&C with all inequalities

Nasini, @ BC = B&C with only clique inequalities

g [Méndez-Diaz, Nasini, S.- (2010)]
Introduction o CPX = CPLEX with default parameters
Polyhedral @ LF, = B&C based on asymmetric representatives
?Et‘imi;*:f [Bahiense, Frota, Maculan, Noronha, Ribeiro (2009)]
Computational @ 50 instances of 70 vertices

results

@ 2 hours time limit



Computational results

Polyhedral
results for the
ECP

Méndez-Diaz,
Nasini,
Severin

Introduction

Polyhedral
study of the
formulation

Computational
results

o Comparison between:

o BCt = B&C with all inequalities

@ BC = B&C with only clique inequalities
[Méndez-Diaz, Nasini, S.- (2010)]

s CPX = CPLEX with default parameters

@ LF, = B&C based on asymmetric representatives
[Bahiense, Frota, Maculan, Noronha, Ribeiro (2009)]

@ 50 instances of 70 vertices

@ 2 hours time limit

% % solved inst. Nodes (average) Time sec. (average)
dens. |[BC™ BC CPX LF,|BC* BC CPXLF,|BC" BC CPX LF;
10 | 100 100 100 100 3.4 4 133 57| 03 03 4 109
30 | 90 90 0 0 [2135 3949 — — | 276 224 - —

50 | 70 70 0 O |793221595 — — |13542145 — —

70 | 80 80 10 100| 525 2970 214 678| 128 446 4380 273
90 | 100 100 100 100| 5.1 145 30 94| 26 28 29 11
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