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Abstract. An equitable coloring is a way of coloring the vertices of a graph such that apair of adjacent
vertices do not share the same color and any pair of color classes differin size by at most one. Given a
graphG, the equitable coloring problem is to find the minimum number of colors needed soas to have
an equitable coloring ofG.

It is known that Branch & Cut algorithms based on the polyhedral study oflinear integer programming
(IP) models have proven to be an important tool to deal with traditional coloring problems.

The goal of this work is to give an IP formulation for the equitable coloring problem, studying its
polyhedral structure, and develop a cutting plane algorithm. These are thefirst steps to make a further
Branch & Cut algorithm.

1 Introduction

Many applications require to split a set of conflicting elements intobalancedand no conflic-
tive classes (Pemmaraju, 2001; Tucker, 1973). These kind of applications are usually modeled
as a graph coloring problem with additional restrictions onthe color class sizes. In particular, in
theequitable coloring problemit is required that the difference between the sizes of any pair of
color classes is at most one. The equitable coloring problemwas first studied byMeyer(1973).
Like many graph optimization problems, the equitable coloring problem belongs to the class of
NP-Hard problems (Furmánczyk and Kubale, 2005).

From now on, we assume thatG = (V,E) is a simple graph whereV = N = {1, . . . , n} and
E is the set of edges ofG. Given ak-coloring ofG, we denote byCj thejth color class, for each
j ∈ N . A k-coloring is anequitablek-coloring (or justk-eqcol) if and only if||Ci| − |Cj|| ≤ 1,
for i, j = 1, . . . , k.

The equitable chromatic numberof G, χeq(G), is the minimunk for which there exists a
k-eqcol inG. Whenever it is clear from the context, we writeχeq rather thanχeq(G).

The equitable coloring problem presents some additional pitfalls with respect to the coloring
problem. First, a graph admiting ak-eqcol may not admit a(k + 1)-eqcol. For example,
χeq(K3,3) = 2 but there is not a 3-eqcol inK3,3. Then, we denote byA (G) theset of admissible
equitable coloringsof G, i.e

A (G) = {k ∈ N : G admits ak-eqcol}.

In this way,A (K3,3) = {2, 4, 5, 6}.
Also, the equitable chromatic number of a graph can be smaller than the equitable chromatic
number of one of its subgraphs. For instance, considering the disconnected graphG = K1,5 ∪



K1,5 ∪ K1,5, χeq(G) = 3 but χeq(K1,5) = 4. So, we can not restrict ourselves to connected
graphs as in the case of traditional coloring problems.

Let ∆ be the maximum degree of vertices inG. It is known that∆ + 1, . . ., n ∈ A

(Hajnal and Szemerédi, 1970). Moreover,Kierstead and Kostochka(2008) presents a polyno-
mial algorithm for finding a(∆ + 1)-eqcol.

Greedy heuristics for the problem can be found in (Furmánczyk and Kubale, 2005). How-
ever, as far as we know, there are no previous works on IP basedexact algorithms as in the case
of coloring problem (Méndez-D́ıaz and Zabala, 2006; Figueiredo et al., 2002; Camp̂elo et al.,
2004; Mehrotra and Trick, 1996).

Clearly, IP models for the coloring problem can be adapted forthe equitable coloring prob-
lem by addition of theequity constraints. In particular, we consider the model for the coloring
problem presented byMéndez-D́ıaz and Zabala(2006), which has shown a good performance
in the context of a Branch & Cut algorithm based on its polyhedral study.
In that work, the authors use binary variablesX ∈ {0, 1}n2

andW ∈ {0, 1}n to represent
colorings as follows: for each vertexv ∈ V and colorj ∈ N ,

xvj =

{

1 if color j is assigned to vertexv,

0 otherwise,
wj =

{

1 if xvj = 1 for some vertexv,

0 otherwise.

The restrictions in this model are:

• assignment constraints, saying that each vertex has to be painted by an unique color,i.e.

n
∑

j=1

xvj = 1, ∀ v ∈ V, (1)

• edge constraints, saying that two adjacent vertices can not share the same color, i.e.

xuj + xvj ≤ wj, ∀ uv ∈ E, j ∈ N, (2)

• color order constraints, avoiding to consider solutions corresponding to some classes of
symmetrick-colorings, i.e.

wj+1 ≤ wj, ∀ j ∈ N − {n}. (3)

Thecoloring polytope, CP(G), is the convex hull of(X,W ) ∈ {0, 1}n2+n satisfying the con-
straints (1), (2) and (3). The chromatic number can be computed by minimizing

∑n

j=1
wj on

CP.
In order to obtain an IP model for the equitable coloring problem, we need to addequity

constraints, i.e. we have to linearize the non linear constraints|
∑n

v=1
xvi −

∑n

v=1
xvj| ≤ 1, for

i, j such thatwi = wj = 1.
Firstly, let us observe that the natural constraint “if color j is not used in the coloring, no vertex
can be painted byj” is implied by (2) for non isolated vertices. However, since in the equitable
coloring problem the graph could be disconnected, we are forced to add these constraints for
isolated vertices. LetI ⊆ V be the set of isolated vertices. Then, we have to add the constraints

xij ≤ wj, ∀ i ∈ I, j ∈ N. (4)

In the next section we analyze several ways for modelling equity constraints.



2 Modelling equity constraints

We first analyze the formulation proposed byBahiense et al.(2007), where the equity con-
straints are modeled by using abig M constant: for alli, j ∈ N such thati < j,

−1 − M(2 − wi − wj) ≤
n

∑

v=1

xvi −
n

∑

v=1

xvj ≤ 1 + M(2 − wi − wj).

It is known that this kind of constraints usually give bad linear relaxations. In order to reduce
the use of thebig M constant, we propose to introduce a new free variabley and to model the
equity constraint as follows:

y + M(1 − wj) ≤
n

∑

v=1

xvj ≤ y + 1, ∀ j ∈ N.

Finally, we propose a third formulation based in the following results. Let us observe that,
in ak-eqcol, the color class sizes have only two possible values.Moreover,

Lemma 1. Givenk ∈ N , let y = ⌊n/k⌋ andp = n mod k. Then, everyk-eqcol hasp color
classes of sizey + 1 andk − p color classes of sizey.

Let us note that, if we restrict ourselves tok-eqcols such that|Ci| ≥ |Cj| when i ≤ j,
tkj = |Cj| is well defined and

tjk =











⌊n/k⌋ + 1 if j ≤ p,

⌊n/k⌋ if p < j ≤ k,

0 if k < j.

From now on, ak-eqcol is ak-eqcol satisfying|Ci| ≥ |Cj| wheni ≤ j. Thus, we have

Proposition 2. Let (X,W ) be an integer point inCP satisfying (4) and

n
∑

v=1

xvj =
n

∑

k=2

(tjk − tjk−1
)wk, ∀ j ∈ N − {1}. (5)

Then, the(
∑n

j=1
wj)-coloring associated with(X,W ) is equitable.

Let us observe that in (5) we do not need to consider color 1 because, for this case, the
constraint can be obtained as a linear combination of constraints (1) and (5). Furthermore,
constrains (2) and (4) with j > ⌊n/2⌋ are dominated by (5) and the nonnegativity ofxvj.

We tested the previous three formulations by solving small instances using a pure Branch
& Bound method and we concluded that the third one outperformsthe others. In this way, we
decided to work with the formulation where equity contraints are modeled by (5). Then, our
model for the equitable coloring problem usesn2 + n variables and

(

|E|+ |I|
)⌊

n/2
⌋

+ 3n− 2
constraints.



3 The equitable coloring polytope

We define theequitable coloring polytopeof G, ECP(G), as the convex hull of integer points
of CP satisfying (4) and (5).

Let us observe that colorings ofKn are equitable colorings and correspond to the set of
assignments between colors inN and vertices inV . Hence, the linear relaxation ofECP is an
integer polytope. So, in the sequel we will considerG 6= Kn (or equivalently,χeq(G) < n).

We first study the dimension ofECP. We prove that

Proposition 3. The dimension ofECP is n2 − 2n + |A | and a minimal equation system is
defined bywχeq

= 1, wk = wk+1,∀ k /∈ A and the equalities in the formulation, i.e. (1), (5).

In order to find facet-defining inequalities, we start analyzing valid inequalities in the formu-
lation. We have that

Proposition 4. The inequalitywj ≥ wj+1 defines a facet ofECP iff j ∈ A − {n}. The
inequalitywj ≤ 1 defines a facet ofECP iff j = χeq + 1. For all j ∈ N , the inequalitywj ≥ 0
does not define a facet ofECP.

In the case of the nonnegativity constraints ofxvj, we have the following

Proposition 5. Let v ∈ V and j ∈ N . If, for everyk ∈ A − {n}, there exists ak-eqcol in
whichv /∈ Cj, then the inequalityxvj ≥ 0 defines a facet ofECP.

It is not hard to see that, ifj does not dividen + 1, the sufficient condition in the previous
proposition holds and we obtain

Corollary 6. If j does not dividen + 1, thenxvj ≥ 0 defines a facet ofECP, for all v ∈ V .

If j 6= 1 andj dividesn + 1, the sufficient condition in Proposition5 can be reduced in the
following way

Corollary 7. Let j 6= 1 such thatj dividesn + 1. If j /∈ A , xvj ≥ 0 defines a facet ofECP
for all v ∈ V . If j ∈ A , xvj ≥ 0 defines a facet ofECP for all v ∈ V such that there exists a
j-eqcol in whichv /∈ Cj.

Finally, for the first color we have

Corollary 8. xv1 ≥ 0 defines a facet ofECP for all v ∈ V such that, ifk ∈ A − {n} andk
dividesn − 1, there exists ak-eqcol in whichv /∈ C1.

Next, we show some cases where the nonnegativity constraints are not facet-defining in-
equalities. IfG = K3,2 andu is one of the two vertices with degree 3,xu2 ≥ 0 does not define
a facet because it is dominated by the valid inequalityxu2 + w3 ≥ 1. Another example is when
V − {v} is a clique. In this case, the nonnegativity constraint associated withxv1 is dominated
by the valid inequalityxv1 + wn ≥ 1.

Next step in the polyhedral study ofECP is to find valid inequalities not included in the
formulation. It is natural to start with those facet-defining inequalities forCP.
Given a maximal cliqueQ of G andj ∈ N , only one vertex ofQ can be painted with colorj.
This condition is imposed by theclique constraint

∑

v∈Q

xvj ≤ wj. (6)



We denote byFQ,j the face defined by (6).
Although clique inequalities always define facets ofCP, they can define facets ofECP only if

j ≤ ⌊n/2⌋. In fact, whenj > ⌊n/2⌋, (6) is dominated by (5) and the nonnegativity constraints.
So, we have

Proposition 9. Let Q be a maximal clique ofG of size at least 2, andj ≤ ⌊n/2⌋. Let K =
{k ∈ A : |Q| ≤ pk < j ≤ k ∨ j ≤ pk < k − |Q|}, wherepk = n mod k, for eachk. The
clique inequality (6) is facet-defining ofECP if the following conditions hold:

1. For all k ∈ K, there exists ak-eqcol such that|Cj ∩ Q| = 1.

2. {⌈n/2⌉, . . . , n − j} ∩ A 6= ∅.

Condition2 of Proposition9 does not always hold. LetG beK3,3 and suppose two adjacent
verticesu, v. Thus,Q = {u, v} is a maximal clique butxu3 + xv3 ≤ w3 does not define a facet
in ECP. An example where condition1 of Proposition9 becomes false is the cliqueQ denoted
by squares in the graphG given below:
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Now, G admits a 4-eqcol but no vertex ofQ can use color 1. In this case,FQ,1 does not define
a facet ofECP.

Even when a clique inequality does not define a facet, it defines a face of high dimension, as
we state in the following

Corollary 10. dim(FQ,j) ≥ dim(ECP) −
(

n + |A | − |Q| − 1
)

.

4 Computational experiments and conclusions

Our study in the previous section suggests that a cutting plane algorithm based on clique
inequalities may be an effective way of strengthening the linear relaxation ofECP. In order
to know whether the clique cuts make an improvement or not, wecompare the behavior of a
pure Branch & Bound algorithm (B & B) with a Cut & Branch algorithm (C& B) that sepa-
rates clique inequalities at the root node. We show the performance of both algorithms on 234
randomly generated graphs. The tests were performed on a SunUltraSparc workstation, using
CPLEX 10.1 as the optimizer.

Table1 summarizes the results. The first column is the number of vertices. The second
column is the graph density:low means 0-33%,mediummeans 33-66% andhigh means 66-
100%, where the percentage is calculated with100|E|/(n(n − 1)/2). Columns 3 and 4 are
the percentage of succesfully solved instances (s.s.i.) for each algorithm. An instance is not
solved whether the optimizer exceeds the time limit (1 hour). Columns 5-8 are the averages of
the evaluated nodes/elapsed time for each algorithm over instances solved by both algorithms,
except the averages marked with (*) where they are calculated over s.s.i. of C & B.

In almost every instance, the addition of clique cuts have been improved the performance of
the optimization. Furthermore, every solved instance by B &B has also been solved by C & B,
but not conversely.



n Dens. % of s.s.i. Evaluated nodes Time in sec.
B & B C & B B & B C & B B & B C & B

low 100 100 6 3 0 0
15 med. 100 100 81 15 0 0

high 100 100 226 55 1 0
low 100 100 22 5 0 0

20 med. 100 100 957 70 7 3
high 100 100 515 16 5 2
low 100 100 119 34 3 2

25 med. 87 100 10082 520 369 58
high 50 90 25471 41 591 20
low 100 100 91 105 6 6

30 med. 22 78 499 39 43 28
high 0 33 − 553* − 424*
low 100 100 397 140 51 26

35 med. 22 33 10724 2254 2520 611
high 0 13 − 52* − 181*

Table 1: Benchmarks for graphs from 15 to 35 vertices.
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